The Fundamental Theorems of Calculus

Introduction

All the pieces are in place. It'stime to finally derive the Fundamental Theorems of Calculus. The
Fundamental Theorems tell us several things. The First Fundamental Theorem tells us that the area
under the graph of a function can be described by the antiderivative of the function and tells us how to
find it. The Second Fundamental Theorem is a formal statement about the relationship between the
definite integral and differentiation. Some texts list only one Fundamental Theorem (the one we are
calling "The First") and explain that the second is simply arestatement of the first.

The First Fundamental Theorem of Calculus

Consider the graph of the function f below and the area under f from x=a to x=b. The graph also
shows a subinterval with x as a left endpoint and x+h asaright endpoint.

T
a X x+h b

Now, let's make up a function called A(x)which will yield the area under f from x = ato any other x

value we want. We do not yet know what A(x) looks like...all we know isthat it will generate the area

under f from x = ato any other x value. Now, let's play with this function alittle. Consider the

following:
- A(b) will give usthe exact areaunder f from a to b.

A(a) will give usthe exact areaunder f from a to a, which will of course be zero.

A(x+h)will give us the exact area under f from a to x+h.

A(x+h)- A(x) will give usthe exact area of the subinterval with x as aleft endpoint and x+h

asaright endpoint.

Now, we can say

f(x)>h » A(x+h)- A(X)
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The Fundamental Theorems of Calculus

We can say this because f (x) *histhe area of the left-sum rectangle in the subinterval and for a
sufficiently small h, the area of this rectangle will be almost the same as the area of the subinterval itself.

OK, you're getting suspicious...you should be...anytime you see an expression of the form
f (x+h)- f(x)during aderivation you can rest assured it's not just for grins!

Let's divide both sides by h to get
A(x+h)- A(X)
h

f(X)»

Taking a limit of both sideswe can replace " » " with " =".

A(x+h)- A(X)

lim  (x) = lim
h® 0 h® 0

The left sideisjust f(x)and theright side (if you haven't noticed already) is the definition of the
derivative of Al Therefore we can say

f(x)=A'(X)

This statement istelling usthat A(x)isthe antiderivativeof f(x)! If f(x)=A'(X), then

Of (X)dx = A(x) . Remember, we had no idea what A(x)would look like. We just made up a function
which would yield the exact area under f from a to any x and called it A(x). And now we find out that
A(x)isthe antiderivative of f(x)! This means that the area under the graph of a function can be
described by the antiderivative of the function itself!

Normally we denote the antiderivative of f with F. Now that we know what A(x)really is, we will call it
by its conventional name, F(X).

Well, now we know that the area under the graph of a function is determined by the function's
antiderivative. We still have no easy way to perform the calculation, but we will soon!

We know that F(b)isthe areaunder f fromato b.
We know that F(a) iszero.

F(b) - F(a)would then be away to express the area under f fromato b.
b

We also know the definition of the definite integral: f (x) dx = I|®rg é f (x)Dx, which can be
a ¥ ia

interpreted asthe area under f from a to b. Combining these we obtain the First Fundamental Theorem
of Calculus.

The First Fundamental Theorem of Calculus
b

Of (X) dx=F (b)- F(a) where F '(x) = f (x)
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The Fundamental Theorems of Calculus

We can now evaluate definite integrals without having to find the limit of a Riemann sum!

Example 1

5

Evaluate c‘)xz dx
2

5 5
N2 _1 3" _ 13 1,3 _
gy(dx §x2—§5-§2—3

Just alittle easier than using the definition of definite integral!

117

Example 2

Find the areaunder f(x) =- x*+9fromx=0to x=2.

2
The area can be expressed by ¢f- x* +9) dx.
0

2 . \2
- X +9) dx=%& 13 +oxU
0 €3 L

—6 13 0. é 1q 0
& 52+92l- & (0’90
_46
3

\ theareais 4—36 sguare units.

Actually, area problems can be very subtle and we will go into them in great detail soon. Just asa
glimpse into the future, consider the next example.

Example 3
2

Evaluate (‘)sin X dx
0

2

G _ 2
Osinx dx = - cosx|;
0

=[- cos2p]- [- cosO]
=[-14-[-1]
=0
Now, if we interpret the original definite integral asthe areaunder sinxfrom x=0to x=2p , our

answer indicates zero areal Actualy, thisintegral represents something called "net area’—more on this
later.
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The Fundamental Theorems of Calculus

When we combine the First Fundamental Theorem along with substitution, we must be careful to put

our entire integral in terms of u, not just the integrand (the expression following the ¢ symbol). For
3
example, when we see ()¢(x° - 8)° dx, the 1 and the 3 are values of x. If we decide to put the problem
1
in terms of u, the bounds, the 1 and the 3, must aso be put in terms of u. Consider the following
example.

Example 4

3
Evaluate (y¢(x’- 8)° dx
1

u=x>-8

du = 3x* dx

%du:xzdx
When x=1® u=-7
x=3® u=19

3 19
OC(C - 8)° dx=7 (y° du
1 -7

19

:éi]_ 6l:l_ éi -7
&89 " s

=2,607,124

6]
)4

Warning: One of the most common errors students make is failing to "change the bounds®. If you use
substitution, you must change the bounds.

The Second Fundamental Theorem of Calculus

We now return to our discussion of the fundamental theorems. Consider the following integral.
g’ dt
2

Notice that the function isin terms of t and the upper bound is x instead of a constant. Let's use the
fundamental theorem to evaluate it.




The Fundamental Theorems of Calculus

Now consider di c‘jz dt. Thisisasking usto find the derivative of the integral we just evaluated.
X 2

d 2 dt:ié}xs- 8y

dx 5 dx& 30

:X2

This is an example of the Second Fundamental Theorem of Calculus that formalizes the relationship
between integration and differentiation.

The Second Fundamental Theorem of Calculus
di(‘)f (t) dt = f(x) whereaisaconstant
X

a

Note, all that really happened isthe integrand f (t) became afunction in x instead of t. Again, this
theorem puts the relationship between integration and differentiation on solid ground.

Example5

) d s

Find — ¢ dt
dx?9

Unlike our original example that used the function f (t) =t as the integrand, we cannot find an
antiderivative of f(t) = &’ Thereis no substitution or other technique that will work to evaluate the

integral. Although we cannot find c‘pts dt, we can find dic‘pts at!
X a

d X\ 3 3
— dt =¢*
dx?9

There isa generalized version of the Second Fundamental Theorem which is much more useful.
Consider the following:

d* .
— Cpint dt.
dxesjSl

X3

Since we can, let'sactually find gsint dt
3x

X3

N - X - 3
osint dt =- cost 4 = - COSX +C0S3X
3x

Now let's differentiate our result.
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The Fundamental Theorems of Calculus

%% cosx’ - (- cos3x)§= (sinx*)(3x) - (sin3x)(3)

Notice that thisresult issint at x® times the derivative of x*> minussint at 3x times the derivative of 3x.

The Second Fundamental Theorem of Calculus

h(x)
% O f () dx=f (NN - f(9())a'(X)

g(x)

This version of the Second Fundamental Theorem of Calculus is actually quite easy to prove.

h(x)
d O f (%) dx :ig’.F(x)E‘(j)g, where F'(x) = f (X)
g(x)
=< [F(h09)- Fa()]
=F'(h(x))h'(x) - F'(g(x))g'(x) by thechain rule.
Now, since F '(x) = f (X),

= f(h(x))h'(x) - T(9(x))g'(x)

Example 6

sinx

Find — c‘)sec5 X dx

sinx

di Osec’t dt = gsec®(sSin x)gcosx- geec’® x* §2x
X 2
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The Trapezoid Rule

Introduction

We started our recent adventures with estimating the area under a curve. Now we know that the definite
b

integral )f (x) dx can give usthe exact area under acurve. Apparently, when we estimated the area
under a curve we were approximating the value of adefinite integral! If you remember, estimating the
area under a curve by adding up areas of rectangles involved no actual integration—just some
multiplication and addition. Estimating the value of a definite integral without actually integrating is
called "numerical” or “numeric” integration. By using only a small number of subintervals, we were
performing some fairly crude numeric integrations. When mathematicians speak of numerically
integrating we usually mean applying some technigue (like Riemann sums—rectangles) over thousands
and thousands of subintervals. Of course, if you use thousands of subintervals, your estimate is going to
be pretty close to the exact value.

There are many different types of numeric integration. Up to this point, we've only used one—Riemann
sums. Inthis section we will discuss another technique which uses the areas of trapezoids to estimate
the value of a definite integral.

Keep in mind that finding areas under curves and finding the value of a definite integral are closely
related but are not necessarily the same thing. We can always be asked to evaluate a definite integral,
either approximately or exactly, without reference to area.

The Trapezoid Rule

The diagram below shows a function f on an interval [a,b] where x, =a and x, =b. Theinterval has

been partitioned into four equal subintervals and trapezoids have been constructed inside each
subinterval.

NoX X KX

The area of atrapezoid is calculated by taking one-half the sum of the bases and multiplying by the
height. The trapezoids in the diagram are "standing on end" so the height of each is Dx .
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The Trapezoidal Rule

b
We can express the area under f as ()f (x) dx. Using trapezoids to approximate the value of this integral

(the area under the curve in this case) we get
b

OF () cb» J[F )+ F O)IDx+ S () + T ()IDx+ 2 F(3) + f (x6)]Dx+ [ £ (0) + F (x,)]Dx

This expression is simply the area of four trapezoids added together. We will now generalize this
expression for n subintervals.

b

OF (%) dx» 2L (%) + F OQ)IDx+ S[ () + f ()IDx+ 2L £ (%) + f (6)IDx+2[ £ (%) + F (x,)]Dx+..

+30F (%2) * F (%, 10X+ [ (X,.2) + £ (x,)]Dx

sFactoring % Dx from each term yields

b

of ¥ dx»%Dx[f(x0)+2f(x1)+2f(x2)+2f(x3)+...+2f(xn_2)+2f(xn_l)+ f(x,)].

At this point we will use the fact that Dx= b-a and make use of our summation notation to get amuch
n

more compact version of the trapezoid rule.

The Trapezoid Rule

b n

Of () dx» 22§ Kk f(x)

i=1

The k; in the summation takes on different values depending onwhat i is. Wheni=0ori=n,kisal.

If i isany other value, k will be 2. This allows us to multiply each function value by the appropriate
constant.

The problems involving the trapezoid rule can vary quite a bit. What we actually do to use the trapezoid
rule will change for different types of problems.

Example 1

4

Approximate c‘)xz dx using the trapezoid rule and 3 equal subdivisions.
1

Thisisasimple problem because we only need to use 3 subintervals. Keep in mind that all we are doing
inthis case is adding up the areas of three trapezoids. You can even draw a quick sketch if it helps.
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The Trapezoidal Rule

Dx=2"1-1
3
%=1
X =2
X, =3
X =4

Example 2

In the chart below are a selection of x values and corresponding function values for afunction f. Usethe
7

datain the table to estimate )f (x) dx using the trapezoid rule with 3 subdivisions.

3

X 3 45 | 68 | 7
fX) | 28 | 69 4 | 18

The first thing you should notice is that each trapezoid is going to have its own Dx so we will not be able
to factor it out. Since we are only using 3 trapezoids, it will be just as easy to write out the area of each
trapezoid and then add them.

é‘)f (X) dx » %[2.8+ 6.9](1.5) + %[6.9 +4](2.3) + %[4 +1.8](.2)

=20.390

Example 3

4

Approximate c‘)xz dx using the trapezoid rule and 5 equal subdivisions.
1

When using more than 3 subintervals, atable is normally used to present all the necessary data. Thisis
how the bulk of trapezoid rule problems should be presented.

Our table will have the following columns: i, x;, f(x), k and k f(x).
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The Trapezoidal Rule

i X f(x) ki k f(x)
0 1 1 1 1

1 | 1.600 2.560 2 5.120
2 | 2200 4.840 2 9.680
3 | 2.800 7.840 2 15.680
4 | 3.400 11.560 2 23.120
5 4 16 1 16

Summing the last column yields: 70.600

b n
Now, since ¢)f (x) dx » 2 aé k f(x)we can say

a n i=0

4
O dx » >[70.600]

1

=21.180

Note: The 1% came from ? where our nis5
n

Calculators and the trapezoid rule

Numeric integration lends itself to extensive use of computers and calculators. Inthe last example, a
calculator was used to generate al but thei column. Lists, and the storage of lists, were also used to
avoid premature rounding errors. Most numeric integration problems we will do (especially using the
trapezoid rule) will be done with the T1-89. Below are the steps which were used:

U Thex; column was generated by entering: seq(x,x,1,4,.6)® a
This generates a sequence of X' s with respect to x, beginning at 1, ending at 4, in
increments of .6
Because we will be using this list of x-values, before the “Enter” key was hit, the
sequence was stored in “a”.

U The f(x) column was generated by entering: x*2|x = a® b
This evaluates our function f (x) = x* at our list of x-values and stores the list of function
valuesin “b".

U Thek; column was generated by simply creating alist: {1,2,2,2,2,1}® k
This list was stored in “k”.

U The k f(x) column was generated by entering: k*b® ¢

The multiplies all of our function values by the appropriate value of k.
Thislist was stored in“c”.

U To get the sum of the k f (x) column, enter: sum(c)
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I ntegration Summary

The Basics

Hereisalist of the basic integration forms we have:

e P rumscifnr-a
O du=y il
f Inju+C if n=-1

¢sinu du=- cosu+C ¢sec’udu=tanu+C
¢posu du=sinu+C (psc’udu=- cotu+C
(janu du =Injsecu|+C (pecutanu du =secu+C
¢gotu du =In|sinu[+C ¢pscucotu du=- cscu+C
¢pecu du =In|secu +tanu|+C (g du=¢e'+C
¢pscu du =Incscu- cotu|+C & du= Ic:]l“a+c

The Shortcuts

1

JAX+B)" dx = A

1 n+1
nTl(AX+8) +C forn?t -1

\ 1
0an+3 dx = ZeAx+B +C

Ax+B

+C

\ - Ax+B a
R dx =
Alna

Os 5 dx= 3 In|Ax+B|+C

(FOS(Ax+B) dx = %sin(Ax+ B) +C This shortcut works similarly for all the trigonometric functions
when the argument is linear.
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Integration Summary

Integralsyielding the inverse trigonometric functions

There are some special integral forms which we need to be able to recognize. The following are based
on the derivatives of the inverse trigonometric functions.

O —— du=sin?'+C
/az_ U2 - a

N 1 _1 -1u
O du=ttan*i+C

a.2 +u2

N 1 }
du=ltsectV+C
a a

uvu’ - a’
To prove any of the above theorems, take the derivative of the right side and you should get the
integrand.
Example 1
. dx
Find 0—
V4- 9%
u=3x
du =3dx
% du=dx
a=2
. dx _1, 1 du
-0 292 2
_ 1. 1u
=3sn_+ C
1. .13
=s8n o+ C

Example 2

The inverse trigonometric functions are often the result of an integration when there is a constant in the
numerator and a polynomial in the denominator.

We will need to complete the square in the denominator to get the integrand into a form we can work
with.
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\ 1 1

dx = ¢ dx
O 6x+13  2- 6x+9)+13- 9

1
= 0—5—d
(x- 3)°+4 X

u=x-3
Now du = dx
a=2

Integration Summary

We'll finish up this summary with several examples evaluating definite integrals which involve

substitution.

Example 3

2
Evaluate c\)\(Z\/ X3 +1 dx
0

u=x2+1

du = 3x% dx
1 — U2
§du—x dx

Whenx=0® u=1
X=2® u=9

2 9
RV +1 dx = % c‘yl’z du
0

1

w

=

N
©

Wl
Wl N
[

©/8 olg TN
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Integration Summary

Example 4

3
Evaluate c‘)x\/x+1 dx
0

u=x+1® x=u-1
du =dx

Whenx=0® u=1
X=3® u=4

3 4
O x+1 dx = p?(u- 1) du
0 1

4320, _é_gls/z_ glslzg
u es 3 u
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