Sigma Notation

Introduction

The definite integral (which is where we are headed) is one of the most important and fascinating
conceptsin Calculus. Likethe derivative, it isa limit—a limit of asum. We've got some work to do
before we define it and put it to use so let’s start with areview of sigma notation. Sigma notation, or
summation notation, is simply an easy way for usto express a sum.

To see how the notation works, consider the following sum.
12 +22 +32 +42 +52

Each termis of the form i*. The sum beginswith i =1 and ends with i =5, with i taking on successive
integer values. There' s no magic about the i, we could use any variable we wanted. It is fairly common
to seei, j or kused. Using sigma notation, the sum iswritten

S
ai’
i=1
The number on the underside of the sigma isthe lower bound and the number on top of the sigmaisthe
upper bound.

Why not just write out the sum? The wonderful compactness of sigma notation can be seen when we
want to sum large numbers of terms. Suppose we wanted to write the sum of all the terms

i2+ 7i starting a 1 and ending at 789. The first term would be 1% + 7(1) and the last term to be added
would be 789° + 7(789), with 787 terms in between! Using sigma notation, we can write the sum as

7&39
a (i*+7)

i=1
Clearly, a much easier and faster way to write the sum!

Here are more examples of the notation:

él (@i +2)=[3(-2) + 2] +[3(- ) + 2] +[3(0) + 2] +[3(1) + 2]

é fA)=f@Q+f(2+ 3+ f(4)
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Sigma Notation

There are times when we do not want to specify an upper bound. In such acase, we simply use n asthe
upper bound. Consider the following summations:

Qi=1+2+3+..+(n- 2)+(n-1+n

i=1

P=+2°+3+..+(n- 2°+(n- 1> +n’

Qo-

i=1

n

AA=A+AFTA+TA LA A
i=1
And one more very important example...

f(x)Dx=f(x)Dx+ f(x)Dx+ f(x)Dx+..+ f(x,,)Dx+ f(x,_,)Dx+ f(x,)Dx

Qo5

i=1

Summation theorems

n
Theorem: § c=cn (cisaconstant)
i=1

Proof: Let f(x)=c, then énczén f(x)

i=1 i=1

= f(x)+ FOQ) + F %)+t F(X )+ F(X )+ F(X)
=ct+c+c+t+..+tc+c+cC

=nc
The sum of a constant is the constant times the upper bound.

Sometimes, the simplest theorems are the hardest to understand. Whenwelet f(x)=cwherecisa

constant, it does not matter what input we use, we always get ¢ asthe output. So, when thei =1, the
result isc, whenthe i = 2, theresult is ¢, and so on until ¢ isused n times.

4 4
Thus, instead of doing a sum such as é 7 by writing 7+ 7+ 7+ 7we can simply say é 7=7(4)=28.

i=1 i=1
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Sigma Notation

n n
Theorem: § ci =cq i (c isaconstant)
i=1 i=1

Proof: é’ln cf (x) =cf (3) +cf (%) +cf (3)... + cf (x,.,) +cf (X.,) +cf (X))

i=1

=c[ f(x)+ F (%) + ()t T (X )+ (X, )+ f(x)]
=c8 f(x)

i=1
The sum of a constant times a function is the same as the constant times the sum of the function.

n n
In other words, a constant factor can be moved “outside” the summation. For example, § 5i° =59 i°.

i=1 i=1

p +
Theorem: é i = n(n2 Y
i=1

Proof: We can prove this theorem by writing the sum in two ways—once with the sum in ascending
order and again in descending order.

Qi=1+2+3+..+(n- 2)+(n- ) +n
i=1
Qi=n+(n-D+(n- 2 +..+3+2+1

1
NN

We now add these two equations.

Zén i=(n+)+(n+)+(n+DH+..+(n+)+(n+D)+(n+2
_ =n(n+1)

Thus, § i =N(0+D)

i=1

This particular theorem has a little history behind it. Karl Friedrich Gauss, perhaps the greatest
mathematician to have ever ssomped upon the terrawas a child prodigy. As ayoung student, Gauss had
ateacher who, well, probably never won the “Best Liked Teacher” Award. As a punishment one day,
the boys in his class were told to add al the integers from 1 to 100. They could not leave until they had
the correct sum. Now, these boys didn’t even have pencil and paper...they worked on a date with a
crude piece of chalk. Evidently the teacher had worked out the sum previously and watched with some
enjoyment as the boys began their adding. After just afew moments, Gauss wrote down his answer and
turned in hisslate. The teacher was sure Gauss could not have possibly gotten the correct sum so
quickly...but he waswrong. Gauss was allowed to leave. Now, Gauss didn’'t actually use the
summation theorem as it is written above. He sarted to write the numbers down and saw a pattern. The
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Sigma Notation

sum lookslikel + 2+ 3 +...+ 98 + 99 + 100. Gauss noticed that the first and the last numbers added to
101. So did the second and the second from last. So did the third and the third from last. Since there
were 50 pairs of numbers which added to 101, the total was 50(101) or 5050. Notice that

50(101) =50(100+1) = %SOH) which is exactly what you would get if you used our theorem.

8%, _100(100+1)
ai=———

i=1

wherethen =100

The next two theorems we present without proof. The proofs can be done in much the same manner as
the previous one.

é” i2 n(n+1)(2n+1)
i=1 6
L _én(n+D U _ n*(n+1)>

A e o 4 2

Notice that for al five theorems above, the summation always startswith i = 1. What happens if we
need to sum a large number of termsand i isnot 1? Consider the following sum:

9
Qi=5+6+7+8+9
i=5

This sum could also be written
5

Q (i+4)=5+6+7+8+9

i=1

Subtracting 4 from each of the bounds and then adding 4 to the argument resulted in an equivalent sum
which beginswithi = 1. Let'stry another. Consider

Qit=F+4+5°+ 62+ 7

=3

Subtracting 2 from each of the bounds and then adding 2 to the argument yields
5
Q[+2?=F+42+52+62+ 7
i=1
This process also works if we need to add to the lower bound to make it equal to 1. For example,

1
Q3=32+31+3P+3
i=-2

can be written
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Q3°=32+31+3+3

i=1

This property will be useful when we want to change the bounds on a sum—especially when we need to
use one of our theorems, which all start withi = 1.

& ... B
af=a fi-o
and

ct>) bdc
f@)=3 f(i+90

Example 1

5
Find § (4i +3)

i=3

Note that the lower and upper bounds are fairly close—there will be only 3 termsto sum. In cases
where the lower and upper bound are close, do not use any theorems, just write out the terms!

és (4+3)=(12+3)+(16+3)+(20+3)

i=3
=15+19+23
=57

Example 2

%0
Find g (5 +4)

i=1

Unlike the previous example, this sum will have a large number of terms. The best approach on this
type of problem isto do the general sum first...fromi =1 ton. Then evaluate your expression for
n=20.

n(n+1) +an

Consider § (5i +4) =5
i=1
Now, for n = 20, we get

C2)0
A +4)=5

i=1

20(20+1) , 00
2

=1130
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Example 3

C2)0
Find 3 i(3 - 2)

i=1

Consider éni(3i- 2) = a(3|2 2i)

i=1 i=

I
=

é .

I
.moj

||
.moj o

|-2a|

_Qn(n+1)(2_n+1) i 2n(n+1)
T 6 2

_ n(n+1)(2n+1)
2

- n(n+l

Now, for n = 20, we get

20(20+1)(40+1)

2i@- 2=

i=1

- 20(20+1)
=8190

Notice that in our very first step, we distributed the i before we used our summation theorems. We
needed to do this because although the summation of a sum of terms is equivalent to the sum of the
summations of the terms, the summeation of a product is not equivalent to the product of the summations.
Holy cow...let’stry that symbolically—it’ |l make more sense. We distributed thei first because

A[10)+90)]=4 0 +& o)

but
a fo@)t a fa) - a g0).
i=1 i=1 i=1
In terms of our problem,
0 dﬁo

a|(3| 2)18 E‘%a(e,l 2)_
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Example 4

i &2
in '%—i(i-Z)

Since there will be only 4 terms, we will use no theorems.
s 2 2 2 2 2

a— = + + +
=i10-2) 31 42 53 6(4)
_17
15

Example5 (very important example)

There will be times when we want a general expression for asum. The ability to do this will be critical
when we start working with the definition of the definite integral.

Expand and simplify: g (3i% +5i)

i=1

é” (3% +5)) :3n(n+1)(2n+1) +5n(n+1)
i=1

:32n3+3n2+n+5n2+n

6 2

_ 2n3+3n2+n+5n2+5n

- 2 2

_2n®+8n* +6n

- 2

=n®+4n°+3n
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Area Under a Curve--Approximations

Introduction

The method we will describe here to estimate the area under a curve isan old one. In fact, it isthe same
method employed by Archimedes. The basic ideais simple. Since we cannot yet find the exact area
under an arbitrary curve, we will estimate the area using rectangles. The graph below illustrates a
problem in which four rectangles of equal width are being used to estimate the area under

f(x):%x2+1 between x=2and x=6.

11.0—

10. 0—

To estimate the area, we add up the areas of the four rectangles. Using rectangles of equal width is not
actually necessary, it’s just easier. The more rectangles we use, the better our estimate. Notice that no
matter how many rectangles we use, there will always be small regions on top of each rectangle that are
“left out”. By using increasing numbers of rectangles, we can “exhaust” the left out areas. That iswhy
thistechnique is called “ area by exhaustion”. There are many ways that the rectangles can be drawn. In
the diagram above, we used what is called a“left sum” because the left side of each rectangle is used as
the height. We could have also used a right sum or midpoint sum. In addition there are inscribed and
circumscribed rectangles aswell. For the most part we will deal with left, right and midpoint sums.

The details

It will be best to describe the process (and the vocabulary) by using an example. We will use the
following problem:

Find the area under f (x) = - x* +9 fromx = 0to x = 2 using 4 subintervals and a left sum.

Our first step will be to partition the interval. To partition the interval, we divide the interval into equal
parts. We partition any interval [a, b] into n subintervals by dividing the length of the interval by n.

Each subinterval will be Dx wide—so each of our rectangles will be Dx wide. The left end of the
interval is always denoted x, and the right end isdenoted x,. Thus x, =a and x, =b. To find the x-
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Area Under a Curve--Approximations

coordinates of each subinterval, we continue adding Dx . These x-coordinates are collectively referred
toasx's.

In general, to partition an interval [a,b] into n subintervals we say:
x, =a
X, =a+Dx
X, =a+ 2Dx
X, =a+3Dx
I
X.,=a+(n- 2)Dx
X,., =a+(n- 1)Dx
X, =b
Now, when we are approximating areas, the reality of this process is much easier than it may look.
To partition the interval [0,2] into four subintervals we first find Dx.

Dx:b'a

n
D)(:Q:
4

N

Now that we know Dx, we can proceed. Weknow X, =a so for us x, =0. We get the next

x-coordinate, x,, by adding Dx. Wethen get x, by adding Dxto x, and so on. The partition for our
problem becomes

XX
]

<X
1 1
N Nw P NP O

el
I

The diagram below shows our partitioned interval.

SN

N
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Area Under a Curve--Approximations

Our problem instructs usto use aleft sum. This meansthat we will use the value of the function at the
left side of each subinterval as the height of our rectangles. The next diagram shows the rectangles for a
left sum.

Now, f(0) will bethe height of the first rectangle, f (.5)the height of the second, f (1) the height of the
third and f (1.5) the height of the fourth. Each rectangle is Dx wide. We are now ready to estimate the
area.
A £ (x)Dx+ f (x)Dx+ f (x,)Dx + f (x,)Dx

» D[ f (%) + 0q) + (%) + f(%)]

» 2(9+8.750+8+6.750)

»16.250
Notice that we never used Xx,. Thisis because we used aleft sum. If we had used aright sum we would

have used x, but would not have used x,. Thiswill always happen. When you perform aleft sum, you

never use the last x-coordinate in the interval and when you perform aright sum you never use the first
x-coordinate in the interval.

Now let’s do aright sum without all the explanation and you’ll see how straightforward the process
actualy is.
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Area Under a Curve--Approximations

Example 1 (right sum)

Estimate the areaunder f (x) = x> +5x+ 6 from x = - 1to x =5 using 5 subintervals and aright sum.

X =5

Ax» f(x)Dx+ f(x,)Dx+ f(x;)Dx+ f(x,)Dx+ f (x;)Dx
» Dx[ (%) + T 00)+ f0x) + (%) + f(%)]
»1.200(7.040+14.960 + 25.760 + 39.440 + 56)
»171.840

Example 2 (left sum)

Estimate the area under f (X) = x* +5x+ 6 from x =-1to x =5 using 5 subintervals and aleft sum.

A» T (%)DX+ T (%)Dx+ T06)Dx+ T (%)Dx+ T(x,)Dx
» DX[ £ 06)+ F (%) + T 00) + () + ()]
»1.200(2+7.040+14.960 + 25.760 + 39.440)
»107.040
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Example 3 (midpoint sum)

Estimate the area under f (x) = x* +5x+6 from x=-1to x =5 using 5 subintervals and a midpoint

The problem starts the same—partition the interval.

X =5

We now have to find the midpoint of each subinterval.

n‘l:XO—+X1:- 400

N

=3.200

% = 4.400

The midpoints can also be found by finding m and then adding Dx to get m,, and so on—whichis

actually quicker.

A» f(m)Dx+ f(m,)Dx+ f(m,)Dx+ f(m,)Dx+ f(m,)Dx

» Dx[f(m) + f(m) + f(m) + f(m,) + (m)]
» 1.200(4.160 +10.640 + 20 + 32.240 + 47.360)

Notice that left, right and midpoint sums give us different approximations. That’s not surprising but we
should be able to put these sums in order if we are given certain information. For discussion purposes,

let’s denote aleft sum asLg, aright sum as Rs and a midpoint sum as Ms. If, for example, afunctionis
always decreasing on the interval then Rs < Ms < Ls. If the function is always increasing on an interval,

the relationship is reversed.
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Example 4 (circumscribed rectangles)

Estimate the area under f (x) = x* +5x+6 from x=-1to x =5 using 5 subintervals and circumscribed
rectangles.

To use circumscribed rectangles, after we partition the interval we draw our rectangles so that the height
of the rectangle is determined by the absolute maximum functin value in that interval. The diagram
below shows the circumscribed rectangles.

Notice that to use circumscribed rectangles on this function is equivalent to performing aright sum. The
work would be exactly the same as was done in Example 1.

The following diagrams will help us see the relationship between inscribed/circumscribed and left/right
sums for grictly increasing or strictly decreasing functions.

f isincreasing on the interval: circumscribed = right sum
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fisincreasing: inscribed = left sum

f decreasing: circumscribed = left sum

™

\

f decreasing: inscribed = right sum

If a function both increases and decreases, using circumscribed or inscribed rectangles becomes more
complicated. Thisiswhy we most often use left, right or midpoint sums—it doesn’t matter what the
functionisdoing. If we are doing aleft sum we always use the left side of the subinterval, if we are
doing aright sum, we always use the right side of the subinterval, etc.
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Area Under a Curve--Approximations

The diagram below illustrates circumscribed rectangles on a function which is both increasing and
decreasing on the interval.

Notice that for some subintervals, the left side is used for the height of the rectangle. For other
subintervals the right side is used. There's even one subinterval (the 2™) where we would have to find
the relative maximum and use it for the height.

In the end, the vast majority of the problems we face will not ask usto use circumscribed or inscribed

rectangles. On the other hand, we do need to be familiar with the terminology and be able to use
inscribed or circumscribed rectangles if asked to do so.
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Area Under a Curve—EXxact Area

Introduction

Let’sreturn for amoment to a problem from the previous section.

Estimate the areaunder f (x) = x> +5x+ 6 from x = - 1to x =5 using 5 subintervals and aright sum.

X, =- 1, x =.200, X, =1.400, x, = 2.600, X, =3.800, X, =5

Ax» f(x)Dx+ f(x,)Dx+ f(x;)Dx+ f (x,)Dx+ f (x;)Dx
» Dx[ (%) + T 00)+ f0x) + (%) + f(%)]
»1.200(7.040+14.960 + 25.760 + 39.440 + 56)
»171.840

Thesum A» f(x)Dx+ f(x,)Dx+ f(x,)Dx+ f(x,)Dx+ f (x;)Dx could easily be expressed with sigma

5
notation as § f (x)Dx. If we had performed a left sum, we would have not used Xs but we would have
i=1

4
used x, and the sum would be é f (x)Dx. We can generalize these sums for any number of
i=0

subintervals. All right sums could be written as é f (x )Dxwhere n is the number of subintervals.
i=1

n-1
For left sums we would have é f (x)Dx. The upper bound for the left sumis n- 1 because we do not
i=0

use the right endpoint of the interval. If we had 5 subdivisions, we would use x, X, X,, X, and X, thus
the lower bound is x, and the upper bound is X, .

Now, the right sum é f (x)Dxisinanice form. In fact the bounds are the same as the bounds on the
i=1

n-1
summation theorems we learned in the sigma notation section. The left sum é f (x)Dxisnot inavery
i=0
g q;c
nice form yet but we do have atheorem that will help us. Rememberthat g f(i)= g f(i- c). This

i=a i=a+c

n-1 n
meanswe cansay g f(x)Dx= g f(x_,)Dx.

i=0 i=1
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So, when performing a left sum on n subintervals we use A= é f (x_,)Dx and when performing right
i=1

n

sumswe use A= é f (x)Dx. Now we have to deal with partitioning an interval into n subdivisions.
i=1

Remember that szb_—na, X, =a and x, =b. Let’'s partition!
X, =a
X =a+Dx
X, =a+2Dx
X, =a+3Dx
M
., =a+(i- 1)Dx
X =a+iDx
M
X, ,=a+(n- 2)Dx
X, ,=a+(n- 1)Dx
X, =a+nDx=Db

The x_, and x are the endpoints of something we call the ith rectangle. The diagram below may help.

A

+— theith
rectangle

v Xo X1 X2 X3 ... Xi-1 X Xn-2 Xn-1 Xn

When we find exact areas, we aways use summations of left sums or right sums. We do this because
it's easier than creating formulas for midpoint or other sums.
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Area Under a Curve—Exact Area

Now we're ready to find exact area. Keep in mind that f (x) is simply the height of each rectangle and

Dx isthe width of each rectangle. We know that the more rectangles we use, the better our estimate of
the area. If we want the exact area, we ssimply let the number of rectangles we use (the number of
subintervals) go to infinity! This yields the following two formulas:

Exact areausing a left sum: A:Ii®rgé f(x.,)Dx
e

Exact areausing aright sum: A= I|®rgé f (x)Dx
o ia

where Dx:b'—na and
X =a+iDx

x_, =a+(i- J)Dx

Instead of writing two different formulas for exact area, we normally write the following single formula:

.4
A—L|®rgia:lf(c,)Dx

where ¢ =% for right sumsand ¢ = x_, for left sums.

Y ou may already notice that right sums are going to be easier to perform. Thisis
becausex =a+iDxbut x_, =a+(i - )Dx. It'salways going to be easier to use a+iDx--therelll be less

algebrainvolved.

At this point it may all seem rather intimidating so let's run through several examples.
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Area Under a Curve—Exact Area

Example 1

Find the exact area bounded by y =3x, x=3, x=6 and the x-axis using aright sum.

px=2"3-3

n n
C =x =3+iDx (since we are using aright sumand a = 3)

Ale@rQIa:l f (x)Dx
=II1|®rQIa:l f (3+iDx)Dx
=|i®rgé[3(3+li)]Dx

i=1
= Ll(@rgg[9+an]Dx

Substituting Dx= %

Remember now that i isthe variable in the problem, n isaconstant. This means that the 27 isa
n

constant. If it stands alone, the sum is simply the constant times the upper limit. If it is a coefficient of a
variable, it can be moved "outside" the summation.

“mec? +2 al
n®¥ea'l n n =1 U

=1im &7+ 2/ " U
n®¥§ 2 2 Q

+ 27 27 n(n+d) u

\ theareais & square units.
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Area Under a Curve—Exact Area

Notice that in the third step from the bottom, where we actually took the limit as n® ¥ , the
n(n+1)

guotient " went to 1.

Example 2

Find the exact areabounded by y =3x, x =3, x=6 and the x-axis using a left sum.

szﬁzé
n n
C =x_,=3+(i- )Dx (sincewe areusing aleft sumand a = 3)

A:'nl@r??}l f(%.,)Dx
=1limQ f(3+(i- )DXYDx
ne¥ 7

=1imQ [3(3+ (i - 1)DX)]Dx
n® ¥ i=1

=1limQ [3(3+iDx- DX)]Dx
n® ¥ i=1

:|i®rgé’1 [9+3iDx- 3DX|Dx

i=1

Substituting Dx = %

3=
®3
Qo5
CD@\
+
|
1
|
.
| w

T
[y

3=
®3

2 5 o
|
|
|

£
B

I
N

@
I\
>
KN
1
NN
>

7

I -
ney g 2 2 ng

\ theareais %1 sguare units.

Y es, the answer to the left sum and right sum are the same—after all the exact area does not change!
The right sum was easier because the left sum involved more tedious algebra. This will always be true.
For now, we will have to be able to do both types of sums.
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Area Under a Curve—Exact Area

There are many steps in this type of problem and many can be done at various times but here are some
general guidelines:

Find Dxfirst.

Determine whether you are supposed to use

c =a+iDx(right sum) or ¢ =a+ (i - 1)Dx (left sum).

Remember that a is just the starting point of your interval—it's where your area begins.

Start with A= Il(@rgé f (c)Dx and replace c..
% i

Evaluate your functionat a+iDx or a+(i - 1)Dx.

Start smplifying.

At some point you need go replace " Dx" with its equivalent expression with the n in the
denominator.

Do the sums. Remember that summing something like % is different from summing something

like %i . Also, try to write %i , hot %

Find the limit.
In at least one term, you will want to "switch™ denominators...replacing an expression like

27 n(n+) 2rn(*D)  This makes the limit easier to see.
n2 2 2 2

with an expression that looks like

Example 3
Find the exact area of the region bounded by y=x*+2, x=2, x=5 and the x-axisusing aright sum.

sz5-—2:
n

C =x =2+iDx

Slw

n

Ath@rQIa:l f(c)Dx

.4

=lima f(x)0x

.9 .

—Ll(@rgla:l f (2+iDX)Dx

— . on 7 . 2 AN

—Ll(@rgia:lg(ZﬂDx) +2Dx

=lim§ g4+ 4iDx+i*(DX)’ + 2§Dx
=1

n® ¥ i

— - on 7 - 2 .2 3 AY
—Ll(@rgla:l gADx+4i(Dx)” +1°(DX” +2Dxy
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n -,
. o 2 . 36 27 . 6
=limgy &2+ + 22+ 8U
n® ¥ izl@n n2 3
€d 12 3698 . 274 .., 8 sl
=limgq “+> @i+ ai’+ta g
e¥EL " Nt g iz "0
. 36 n(n+l) 27 n(n+l)(2n+1 )
=lim &2+ %6 "0, 27 n(m1)@nty) | gl
ne¥ 8 2 2 n3 6 o}
. 36 +1) 27 +1)(2n+1
:Ilm%I.Z n(n+d) , 27 n(n+1)(2n+1) 6u
n®¥§ 2 n2 6 ns
2 3 2 \
36 N“+n 27 2n°+3n“+ u
= lim §l2+ 81740, 27 217430 N6y
ne¥ g 2 2 6 ns ]
54
=12+18+€+6
=45

\ theareais45 square units

Area Under a Curve—Exact Area

Example 4

Find the exact area of the region bounded by y=x*+2, x=2, x=5 and the x-axisusing aleft sum.

Dx="—""=2=2 C=X,=a+(i-YDx=2+(i-
n n
A=Iimén f (c)Dx

n® ¥ i=1

=1limQ f(2+(i - )DX)Dx
n® ¥ i1

=Ii®rgé [(2+iDx- DX)? + 2]Dx
=leé[ (DX)? - 2i(DX)? +(DX)? + 4iDx- 4Dx+ 6]Dx

® ¥

=lim¢ én [i2(DX)®- 2i(DX)° +(Dx)* + 4i(DX)? - 4(DX)* +

€8 27., 54. 27 36. 36 18l
=limgq “i%- i+ +20- Z+
ne¥ 87 nd P n® n® n? Ny
€7 ¢ 27 36 8 36 & 18U
=hméf3a|2-fal+af+fal- a+a
ne¥ an” o =1 =t N il Sy
. €27 2n+3n%+n 54 n%+n 27 36 n*+n 36 U
—I|m_3 - t ot +—+18':I
ne ¥ &n 6 w2 n2 g2 2 n H
. €27 2n%43n%+n 54 n%+n 27 36n%+n 36 _ U
=lima— - + +-+18y
ne¥ &6 e 2 @ @ 2 2 n H
54
=% 0+0+18- 0+18
=45
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The Definite Integral

Introduction

We've finally reached the point where we can define the definite integral. Once we have this definition,
we will be on the brink of our ultimate goal...the Fundamental Theorems of Calculus. In the past
several sections we been doing alot of work with area under a curve. Keep in mind that thisis just one
of the many interpretations of the definite integral and we are using it because it's the easiest way to get
at the definition.

Generalizing our Riemann sum

Let's start with the limit we've been using to calculate exact areas under curves.

A=L|®rgla:l f(c)Dx

where
Dx:ﬁ
n
and
C =X =a+iDx
or

C =% ,=a+(i- )Dx

depending on whether we are doing aright or left sum. We also know that right sums are easier to do
than left sums.

We redlize that, in the end, if we are finding exact area, it doesn't matter whether we are doing a left
sum, right sum or midpoint sum. In fact we can use any x-value in the interval [x ,,x] to generate the
height of the rectangle. Consider the diagram below on which only the ith rectangle has been drawn.

A
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The Definite Integral

Any of the function values represented by the dashed lines could be used as the height of the rectangle.
Once we let the number of rectangles go to infinity, they all become infinitely narrow and the length of
the dashed lines (as well as the lengths of the lines at the endpoints) all approach the same value.

To denote that in actuality we can use any value of xin [x_,, %] to generate the height of our rectangle
we usex; instead of ¢, (which always denotes one of the endpoints of the interval). This allowsusto
write amore general version of our limit to find the exact area under a curve as

Ale@rQIa:l f (x,)Dx.

Now let's talk about the width of each subinterval. We do not really need them all to be the same width!
A little mind experiment here. Picture an interval subdivided into subintervals of varying widths. Some
are very narrow and some are very wide. Now, aswe start to "pack” an infinite number of rectangles
into the interval, they all have to shrink until they are all arbitrarily small. So it does not matter if they
start out as different widths, they all get infinitely small anyway. To denote thiswe use D,x instead of

Dx. The D xtellsusthat each rectangle can have its own width.

In order for the limit to work with these new subintervals, we don't let the number of rectangles
(subintervals) go to infinity by saying n® ¥ . We have a more efficient way for thisto happen. The

width of the largest subinterval is denoted |D|| and is called "the norm". To get an infinite number of

rectangles into the interval, we let the norm go to zero...||D| ® 0. Now, let's once again rewrite our
expression for exact area.

A=1lim 2 f (x.)D.x
Hu\®o§1 (x)D

Thisisthe most general form of the Riemann sum which yields the exact area under a curve. Of course,
as it stands it's pretty useless in terms of actually doing problems. When we actually want to use the
Riemann sum to find exact area, we will revert to the simplest form possible which is

AzLi@rQia:lf()g)Dx.

Why this one? Because right sums are the easiest.
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The Definite Integral

Defining the definiteintegral

Although \\H\[@no é f (x,)D,x isawonderfully explicit way to express the exact area under acurve, it is
i=1

somewhat cumbersome. To get around the cumbersome nature of this expression, mathematicians did
what mathematicians do...create a new definition complete with a new, more compact notation.

We define the definite integral as:

b

9f (x) dx:HIqi‘(ernoia:l f (x,)D;x

The definite integral can be interpreted many ways and can be applied to many applications—just like
the derivative. Asamatter of fact, the definite integral isa mathematical object in and of itself and we
will often be asked to evaluate a definite integral without reference to any particular application. Aswe
continue moving closer to the Fundamental Theorems of Calculus however, we will continue to look at
the definite integral as expressing an area under a curve.

How does this new definition change how we do our problems? It doesn't...not yet, not until we finally
have the Fundamental Theorems of Calculus. Only then will our procedure for evaluating definite
integrals change...and change dramatically it will! For now, we will continue to use alimit of a
Riemann sum to evaluate definite integrals. Remember, right sums are always easier, so we will always
use right sums to do our evaluations.

Example 1

3

Evaluate c‘)xz dx
1

31
n

Dx=

SN

Although this definite integral could represent many things, we will still ook at it as the area under a
curve. Sinceright sums are easier we will use ¢ =x .

3 n
N2 1 o
9\( dx—Ll@rQia:lf(x)Dx

. ¢ .
—Lt@rga f (1+iDX)Dx

i=1

= |i®rgé [(1+ 2iDx+i%(DX)?]Dx
¥ ia
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= Li(@rgé [Dx+2i(DX)? +i2(DX)°]

J &2 8
_||mae +—| Izl'I
ne¥ = en n? n® H

mg L8 n2+n+i 2n®+3n%+n U
® ¥ n 2 6 H

The Definite Integral

_ é. 8n%mn 82n+3n +nU
_Lnggz E n? n® H
:2+4(1)+6(2)
26
-3
3 26
NN ,2 —
\ ¥ dx—?
1
Example 2
9
Evaluate ¢f3x +2) dx
5
szﬁzﬂ and X|:5+|DX
n n

9 n
¥3x+2) dx=1limg f(%)Dx
5 i=1
:nga f (5+iDx)Dx

i=1

=lim§ [3(5+iDx) +2]Dx
ne¥ T,

=lim§ [15+3iDx+2]Dx
ne¥ 7

=lim@Q [17 +3iDXDx
ne¥ 7

= |i®rgé’1 [17Dx+ 3 (DX)?]

_||ma %I.? +3 = 16U

n® ¥ g
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.6 48 n+nU
=I|mé68+—ua
ne¥ g n2 2 ]

é 48n%+nl
n®¥8 2 2 H

9
\ §3x+2) dx=92
5

Properties of the definiteintegral

Like any mathematical object, the definite integral has certain properties. We present them here without
proof.

Of (x) dx=0

Think of thisasthe areaunder f from x=a to x=a. Thereis no areal

b

Of (X) dx=- of (x) dx
a b

This property will be more useful to us later on. It isaconvenient way to switch the lower and upper
bound on an integral. It will also help us with areas which lie below the x-axis.

b b
oK F(¥) dx=kf (x) dx

Integrating a constant times a function is the same as integrating the function and multiplying by the
constant. Constants can be "brought out in front" of the integral.

a f (x)+g(x)] dx = bc‘)f (x) dx+ EP(X) dx

Integrating a sum (or difference) is the same as the sum (or difference) of the integrals.
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b c b
Of (X) dx = f () dx+ f (x) dx

Regardless of the order of a, b and c.

This property will be extremely useful to us once we begin doing more involved area problems.

7 4 7

An example of this property would look like this: - f (x) dx = f (X) dx+ f (x) dx.
2 2 4

b

If f(x)2 g(x) on[a,b] then E)f () dx3 (g (x) dx

This property simply statesthat if we are looking at the graphs of two functions f and g and the graph of
f is above the graph of g, then the area under f will be greater than the area under g.

b
ok dx=k(b- a) wherekisa constant.

a

Thisis actually one definite integral we can evaluate without resorting to the definition. If kisa
constant, we are finding the area under a horizontal line from x=a to x=b. It'sarectangle so the area

isthe base (b- a) timesthe height (k).

Example 3

2 2
Giventhat () dx=3, find (Y8- x°) dx.
-1 -1

2 2 2

(8- x*) dx= (B dx- " dx

-1 -1 -1
=8(2--1)- 3
=21

Example 4
2 2 -1
Giventhat (" dx=3and ¢y dx =", find (Px(x- 4) dx.
-1 -1 2
-1 -1 -1 -1
OBX(x- 4) dx = ¢Y3x® - 12x) dx =3¢ dx- 12y dx
2 2 2 2
2 2 3
- N2 hY -
= 3_9x dx+12_cl)x dx=-3(3) +12(5)
=9
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