I ntroduction to Antidifferentiation

Introduction

Antidifferentiation is the process of finding a function whose derivative is given. Thus far in the course
you have been given a function and you found the derivative. We now turn this process around...you'll
be given the derivative and be asked to find the "original" function. Not to scare you, but in general the
process of antidifferentiation tends to be a more subtle operation. Unlike differentiation, we will not
have very many theoremsto apply. Instead, antidifferentiation involves techniques rather than
theorems. We will have one theorem at least, the Power Rule for Antiderivatives...which we will get to
inamoment. Another important difference between differentiation and antidifferentiation is that when
you differentiate a function, you get asingle function asaresult. When you antidifferentiate, the result
isafamily of functions—all of which have the same derivative.

Antidifferentiation is closely related to another process we will soon address—integration. The terms
antidifferentiation and integration are sometimes used interchangeably but they are technically
different—at least according to some mathematicians. The "answer” to an antidifferentiation problem is
an "indefinite integral”. (Yes, thereis such athing as a"definite integral” and we'll be dealing with them
shortly.)

Antiderivatives

Time for adefinition.

A function F is called the antiderivatiye of fonaninterval | if
F'()=f(x)" xI I.

The notation we use comes directly from Leibniz (whose calculus was much easier to understand than
Newton's!). The definition above can be written:

of ¥ax=F(x)+Cif F'(x)=f(x) " x

The symbol ¢ isactually an elongated "S" which stands for "sum". Why we use this notation will
become clearer once we have a better understanding of integration. For now, think of the

O and the dx asbookends. The problem c‘)xzdx is asking you to find all the functions whose
derivativeis x*. In general, Of (X) dxmeans "find the functions whose derivative isf (x)". The"+ C"
on the end will be explained in a moment.

We will start with finding antiderivatives of functions which we obtained using only the Power Rule for
Differentiation. We will need slightly more sophisticated techniques to handle functions which were
obtained using the Chain Rule. Aswas mentioned above, the process of antidifferentiation (or
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Introduction to Antidifferentiation

integration) is made up more of techniques than theorems. We do have one theorem to get us started
however, The Power Rule for Antiderivatives.

Before we state this Power Rule for Antiderivatives, let's look at a problem.

L et's suppose you were told that some function was differentiated and the result was 3x*. Y ou need to
find the function which was differentiated. Using our new notation, this problem would be stated

c‘)?xz dx .Well, when we differentiate using the Power Rule, first you multiply the function by the
current exponent, then obtain a new exponent by subtracting one from the original. When we

antidifferentiate, not only will we reverse the operations but we will also reverse the order in which they
are done. First we will add one to the original exponent and then divide our function by this new

exponent. If you add one to the exponent in 3x* the new exponent becomes 3. Now we will divide the
3

function by this new exponent and get 3% or x*. It would seem then that the function which was

differentiated was F(x) = x*>. (We're calling this function "F(x)" in order to hold to the notation in our
definition of antiderivative.) There'sjust one problem. Although the derivative of x° is 3%, the
derivative of 3¢ + 4 isalso 3X°...and the derivative of 33 - 8is3x%. Infact, thereisan entire family of
functions whose derivative is 3x°. To denote this, we say that the antiderivative of 3x? isx® + C. Using

the appropriate notation the whole problem and answer would look like this: c‘)?xz dx=x’+C.

Now, the process we just went through is an application of the Power Rule for Antiderivatives. To find
the antiderivative of avariable raised to a power we add one to the exponent and divide by this new
exponent. Thisisn't all of the Power Rule for Antiderivatives though...what happens if wetry to
antidifferentiate x *? Simply adding one to the exponent is no problem, but then we have to divide by
this new exponent...which in this case isa zero! Well, we just can't do that. Remember that all we are

trying to do is find the function whose derivative is x * or 1 . Anyone remember the derivative of Inx?
X
Of course! The derivative of Inx is 1 so c‘y(ldx = c‘)%dx =Ilnx+C. Againthe"C" isthereto signify
X X

that the derivative of (Inx)+constant is L OK, we're ready for aformal statement of The Power Rule
X

for Antiderivatives:

The Power Rulefor Antiderivatives

‘I n+l

T u +Cfornt -1
+1

fInju|+C forn=-1

Weusea"u" instead of an "X" in the statement of the rule because the rule will also be applied when a
function is raised to a power (which we'll do in the next section). Inthis statement, u isafunctionin x.
Using the "u" now means we won't have to restate the rule later on. So why not use f (x) like we did

212



Introduction to Antidifferentiation

with our derivative theorems? We could, but things would get notationally complicated once we start
dealing with composite functions...and it is more convenient and conventional to use the "u" notation.

Example 1
Find ()¢ dx..
OF dx :§+C
= % x*+C
Example 2

Find ¢Yx* +3x- 5)dx.
/2 _1.3,32
gx +3x- 5)dx—§x X - 5x+C
Note: The antiderivative of a sum isthe sum of the antiderivatives. Like differentiating productsand

guotients though, the antiderivative of a product is NOT the product of the antiderivatives. The same
goes for quotients.

3, x> 3x°

Also, it is pretty standard notation to use %xg’ X - 5x+ C instead of —+7- 5x+C, unless you

have an expression with rational exponents...but either is correct and acceptable.

Example 3

Find d%/? W) dx.

First rewrite the problem with rational exponents, then use the Power Rule.
5 4

N 1 3,3 3.3
s = _2x3-2x%+
dx?’-x?’)dx—sx 2% c

3 3 3f
:gSX5_23X4+C
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Introduction to Antidifferentiation

Example5
X% + 2X
Find g—— dx.
Jx
O)%zxdx O( 2(x +2x) dx
- 3 1
_dx2+2x2) dx
, 5 42
=X+ x2+C
5 3
_20¢ 4%
5 3
Example 6

If f"(x)=60x"*- 45x*, find f(x). (Youwill havetwo constants!)

If f"(x)=60x"- 45x,
then f'(x) =12x°- 15X’ +C

and f(x)=2x°- 15 x*+Cx+D

Now, any differentiation theorem you know can be used in reverse to find antiderivatives. For instance,
you know that D,[sinX] =cosx. Thismeansthat cposx dx=sinx+C. Becareful...right now we are
restricting ourselves to functions which did not require the chain rule to differentiate. We can say that

(Fosx dx=sinx+C but cpos(3x+5) dx* sin(3x+5)+C. We faced asimilar situation when we were

first learning derivatives. We know that D, [x°] = 3x* but we quickly learned that
D [(7x- 4)%]1 3(7x- 4)*>. Until we learn atechnique called "change of variable", or "substitution”, we

will be dealing with relatively simple functions. Nonetheless, we now introduce some
antidifferentiation theorems which will actually always be true. The"u" in the theorem can stand for x
or for afunction. For now, look at it asjust standing for x.

(¢ du=€e'+C
=In|u|+C (Actualy part of our Power Rule. The absolute value insures we always stay in the

c‘fdu—

domain of the natural logarithmic function.)
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Introduction to Antidifferentiation
¢sinu du=- cosu+C
(Fosu du=sinu+C
(pec’u du=tanu+C
(pecutanu du=secu+C
¢sscucotu du=- cscu+C
(psc’udu=- cotu+C
All the above come directly from differentiation theorems. To prove any of the antidifferentiation

theorems above, simply take the derivative of the right side and show that it is equal to the function
which isto be antidifferentiated.

General and Particular Solutions

All the antiderivatives we have found so far are called indefinite integrals. They are also called general
solutions—that's why the "C" is there—general solutions represent afamily of functions. We can also
find something called a "particular solution” if we are given some initial conditions. When we are
looking for a particular solution, we need to determine the value of C which specifies the one member of
the family of functions which satisfies the initial conditions.

Example 7
If f'(X)=12x*- 24x+1and f(1) =-2, find f(x).

Since f'(x) =12x*- 24x+1
then f(x)=4x%-12x* +x+C

Now, because f(1)=-2® - 2=4(1)%- 12()*+1+C
C=5

\ f(X)=4x*-12x° +x+5

Example 8
If f"(x)=20x>-10and f(l)=1and f'(Q)=-5, find f(x).

Since f "(x) =20x’- 10
then, f'(x)=5x"*-10x+C
Weknow that f'(1)=-5 so

-5=5(1)*- 10(1) +C
C=0
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\ f'(x) =5x"- 10x
Antidifferentiating yields
f(xX)=x>-5x*+D
Using f (1) = 1 weobtain

1=(1)°- 5()2+D
D=5

\ f(X)=x>-5x*+5

Example 9 (Very important example!)

At any point (x,y) on acurve, the slope of atangent lineisgiven by 4x - 5. If the curve contains the
point (3,7), find the equation of the curve.

Thisisour old tangent to a curve problem turned on its head. We've been given the derivative of the
curve which we can antidifferentiate. Thiswill result in a general solution—a family of curves. The
given point will allow usto find the constant—and a particular solution.

Weknow f'(x) =4x- 5
50, f(X)=2x*- 5x+C

Since we know (3,7) is on the curve we can substitute and get

7=2(3)%- 5(3)+C
cC=4

\ f(X)=2x*- 5x+4

Rectilinear M otion

We have done quite a few rectilinear motion problems thus far. We now return to them knowing how to
antidifferentiate. In all previous rectilinear motion problems, we were always given the position
function. Now, al we will be given is some initial conditions—and we will have to come up with the
velocity and position functions ourselves. Once we have the position and velocity functions, we will
answer the same questions we answered with previous rectilinear motion problems...how high doesthe
object go, how fast doesit hit the ground, etc.

One item you'll need to remember—the acceleration due to gravity for afreely falling object is - 32 feet
per second per second. It is negative because we use up as positive and gravity pullsdown. Thisisthe
starting point for most problems. If the problem involves horizontal or some other type of motion, you

will be given the acceleration.
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Example 10
A ball isthrown upward with a speed of 48 feet per second from the edge of a cliff 432 above the
ground. Find the position function of the ball, its maximum height, the time it takes to hit the ground
and its velocity at impact.

It is best to always start by listing the acceleration, velocity and position at time zero.

Att=0

a=-32
v =48
s=432
Starting with acceleration...it is a constant so the acceleration function is:
a(t) =-32
Antidifferentiating,
v(t)=-32t+C

At t =0, v =48 so substituting to find C gives us,

48=-32(0)+C
C =48

Our velocity function is now
v(t) =- 32t +48
Antidifferentiating again yields,
S(t) =-16t* +48t+ D
Att =0, s=432 s0 we can solve for D.

432=-16(0)* +48(0)+ D
D =432

Our position function is now

S(t) = - 16t* + 48t + 432
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Now that we have the position function and the velocity function, we can answer all the usual questions.
To determine how high the ball goes, we will first set the velocity equal to zero to find the time when the
ball stopsisupward motion. We then use this value of t in the position function to obtain maximum
height.

v(t) =0 when - 32t+48=0

_ 3
t=3

Therefore the ball will stop (a its peak) at g seconds.
The maximum height will then be sgg = 468

Therefore the maximum height is 468 feet.

Now, to find how long it takes to reach the ground, set the position function equal to zero.

s(t) =0 when - 16t* +48t +432=0
t =-3.908 or t =6.908
\ it takes approximately 6.908 seconds to hit the ground.

Now to determine the velocity at impact, find v(6.908)—make sure you use your calculator correctly to
avoid rounding error!

v(6.908) = - 173.066
\ the velocity at impact is approximately 173.066 feet per second downward.

Example 11

A particle moves in a straight line and has acceleration given by a(t) =6t +4. If itsinitial velocity is- 6
centimeters per second and its initial position is 9, find the position function.

Antidifferentiating the acceleration function,
v(t) =3t*+4t+C

Att=0,v=-6 0,
-6=3(0)*+4(0)+C
C=-6
\ v(t)=3t*+4t- 6
Antidifferentiating again,
s(t)=t*+2t>- 6t+D
Att=0,s=9
9=(0)>+2(0)*- 6(0)+D® D=9

\ s(t)=t*+2t>- 6t+9
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Antidifferentiation by Substitution

Introduction

Up to this point we have only been able to antidifferentiate relatively simple functions. Remember,
whenwe see o (x) dx, f(x)isthe derivative of some function that we are trying to find. We will now
examine a technique that will allow us to antidifferentiate functions that are the result of a more complex
application of the Chain Rule. Yes, it'strue that when we differentiate we always use the Chain Rule
but differentiating x° to get 3x? is a much less complicated use of the Chain Rule than when we

differentiate something like sec®(€™**). The technique we are about to learn allows us to "undo"” these
more involved uses of the Chain Rule.

Thetechnique

Consider (Y3x+ 2)° dx. If wetried to use our Power Rule for Antiderivatives, we would get
%(3x +2)*+C. Now, if thisis correct, we should be able to take the derivative of our result and get

(3x+2)* back. Taking the derivative of %(3x+2)4+C yields (3x+2)°*(3) or 3(3x+2)°...which isnot

what we wanted to get! We seem to have an "extra’ factor of 3. Clearly, the Power Rule alone is not
enough in this case.

Consider (Y3x+2)° dx again.
Now, just for fun, let'slet u=3x + 2.

Differentiating u would give us du =3.
Multiplying both sides by dx would yield du = 3 dx or %du = dx.
Now, substitute u for the 3x + 2 term and the % du for the dx term. Now we have
c‘)gu3 du
which can be (and normally is) written

1 Y
§OU3 du

We can now antidifferentiate and get
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1 4
Y +C
Now replace the u with the 3x + 2 and you have
1
o (Bx+2)*+C

Isthisreally the correct antiderivative of (3x+ 2)°? Take the derivative of our result and you'll find out
it isl

The technique just described (in great detail) is called "substitution™ or "change of variable". The basic
ideaisto let some part of the expression you are trying to antidifferentiate be u, then find du. Everything

to theright of the ¢ symbol must be in terms of u. The substitution must be complete. Y ou cannot

have some u's and some other variable in your problem. (Actually, you can use any letter you want—u
isjust the traditional choice.) The best way to learn this technique is to do problems. The most common
guestion students have is, "How do | know what to let ube?' The answer is"Practice, practice,
practice.” You'l get quite good at picking an appropriate u after just afew problems. If your u doesn't
work, pick something else!

Example 1
Find ¢Y7x- 3)° dx.

Let u=7x+3
Now, du=7dx® %duzdx

Substituting we obtain,
1 N\, 8
SO du

Now antidifferentiate,
1 9
Y +C

N 8 _1 9
\ g7x- 3 dx—@(7x-3) +C
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Example 2

Find f)/3x+4 dx.

When we do this one, we'll show it the way it is normally shown.

Let u=3x+4
du =3dx

1 _
gdu—dx

\ _1\
3x+4 dx—§01

Example 3

Find () (5+2x°)° dx.

Let u=5+2x°
du = 6x* dx
%duzxzdx
O¢ (5+2x°)° dxzéc‘y8 du

1
=5 (6+2¢)°+C

Example 4

Find (¢)ccos x? dx.

Let u=x?
du = 2xdx
1 _
Edu = xdx
c‘)xcosx2 dngc‘):osu du

snu+C

snx*+C

NP N
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Example5
Find 07‘ 4x” dx
(1- 8x%)*
Let u=1- 8x°
du = - 24x% dx
- %du=4x2 dx
L AxPdx N
o(1- 8x%)* g%
—210e10 -3
TS ess sl TC
_1 3y-3
=51-8x)"+C
1
= _ +C
18(1- 8x%)°
Example 6
. sin\&
Find 07‘ dx.
Ix
Let u=x&
1
du=——=dx
2Jx
2du —idx
Jx
sin\/; )
e dx=2¢sinu du
07& (62
=-2cosu+C
=-200sVx+C
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Example 7
Find c‘};in Xv1- cosx dx.

Let u=1- cosx

du=snxdx
1

Cpinxv1- cosx dx = 2 du

5 3
=5u?+C
:§m+c
Example 8
Find ¢g™ dx.
Let u=5x
du =5dx
< du=dx
lo dx—%c‘p“ du
=%e5X+C

Note: Differentiating e raised to alinear term is quite simple...we've done it many times. The general
theoremis D, [€™"] =ae™*". So D,[e™*]=7e™*. Antidifferentiating e raised to alinear termis
equally simple. Let's derive atheorem for it:

Consider (g™ dx
Let u=ax+b
du = adx

Ldu=dx
a
c‘pa”b dx—%(‘p“ du
:Ee“+C
a

1
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Example 8

Find c‘pgx“‘ dx

N 1
cje9x+4 dx = = e 1 C

Example 10
Find ¢pxe” dx.

The exponent on the e is not linear, so be careful ... you need substitution to do this problem!
Let u=x°
du = 2xdx
c‘)?xex2 dx=¢cg" du
=e"+C
=e“+C
We now come to another type of substitution problem. The following examples will require two

substitutions. This usually occurs when our choice for u is clear but the degree of this factor is less than
or equal to the degree of afactor that is not part of u.

Example 11

Find c‘y(\/x+1 dx.
Let u=x+1
du =dx

This allows usto replace the x + 1 and the dx but leaves us with the x in front of the radical.

Since we know that u=x+ 1, thenx=u- 1. Now we can replace the x.

OWx+1 dx= ¢Ju- Hvu du

5 3
= 2(x+1)2- g(x+1)z +C
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Example 12

Find c‘y(z\/l+x dx.
Letu=1+x
du =dx

Sinceu=1+x thenx=u- landsoX¥*=u?-2u+1
Now we can complete our substitution.
O V1+x dx=cyu?- 2u +1)x/u du

1
P2(u?- 2u+1) du

5 3 1
uz- 2u?+u?) du

I
@

3
+2uz+C

Nl

7
u? -

BN CEEENIENY

u

I~ gl

5 3
@1+x)? - g(1+ x)? +§(1+ x?2+C

Antidifferentiation theoremsfor trigonometric functionsresulting from the substitution technique

Recall that we have theorems that allow usto antidifferentiate sine and cosine. We do not yet have
theorems that allow us to antidifferentiate the tangent, cotangent, secant and cosecant functions. What

we do have are theorems that allow usto antidifferentiate sec®u, csc® u, secutanu and cscucotu.
Let's start with the tangent function.

Consider c‘jan X dx.

sin X
Aan X dxzo—‘ dx
o COS X
Let u=cosx
du=- sinx dx

-du=sinx dx

c‘janx dx = o_\sinx dx
COSX

=- C\% du
=-Inju|+C
=In|u*|+C
=In|(cosx) *|+C
=In|secx|+C
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Consider c‘;:otx dx.

<COSX

Aot X dxzo—dx
0 sin X

Let u=sinx
du = cosx dx
.COSX

Aot X dx:O— dx
0 sin X

=In|sinx|+C

Consider c‘pecx dx.

sec X +tan X

We begin by multiplying sec x by
sec X +tan x

s x dx = .SecX(secx +tanx) dx
C 0 sec X +tan x

_.sec’ x+secxtan x
SEC X + tan X

dx

Let u=secx+tanx
du = (sec xtan x +sec” x) dx

Sec? x+sec xtan x

c‘pecx dxzo dx

sec X+ tan X

=In|secx+tanx|+C

Using asimilar process,

ggsex dx=In|cscx- cot x| +C
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In summary,

¢sinu du=- cosu+C

(Fosu du=sinu+C

ganu du=In|secu|+C
¢fotu du=In|sinu|+C
(pecu du=In|secu+tanu|+C

¢pscu du=Injcscu- cotu|+C
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Antidifferentiation by Substitution
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Differential Equations

Introduction

A differential equation is simply an equation that contains derivatives. Solving differential equationsis
an extension of our work in antidifferentiating. There are many kinds of differential equations and many
techniques that can be applied to a particular problem. In fact, there are entire courses a universities
dedicated to the solution of thistype of equation. The course taken after Calculus I11 in most
universitiesis called “Differential Equations’. We will only dip our toesin the waters of this complex
topic. Almost al of the differential equations we will deal with are of the simplest form—first-order,
separable differential equations. “First-order” means that the highest derivative in the equation isafirst
derivative. “Separable’ means that we can separate the variables—getting all the X sononesideand y's
on the other for example. We will see afew second-order, separable differential equations but nothing
more complicated than that.

We have already seen many, many first-order, separable differential equations. Here are afew
examples.

2
QZZX, dy_ 2, Q:Z—X‘l, 2y - ﬂszsy. Here is an example of a second-order, separable
dx dx dx 3y dx
d’y

differential equation: =4x+3.

X2

Solving differential equations

To solve adifferential equation we first separate the variables and then antidifferentiate both sides of the
eguation.

Example 1
Solve: & =2X
dx
& =2X
dx
dy = 2xdx
Oy = O2xdx
y=x*+C

Noticethat cfly = (dy = y+C. Also, since we antidifferentiate both sides, we actually get a constant
on both sides. It is convention to combine both constants into one and place it on the right side.
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When we are not given any initial conditionsto allow usto solve for the constant, the solution is called a
“general” solution. If we are given some initial conditions and are able to find the value of the constant,
the solution is called a “ particular” solution.

If asked to find a general solution, we are finding a family of functions that satisfy the original
differential equation. When we are given initial conditions and find a particular solution, we are finding
the one particular member of the family that satisfies the original differential equation under the
restrictions of the initial conditions.

Example 2
Solve%=2x if y=7whenx=2.
X

The solution begins the same as in Example 1.
d_ 2X

dx
dy = 2xdx
Oy = O2xdx
y=x*+C
Now, we know that y = 7 when x = 2 so we can solve for C.

7=2°+C

C=3

Therefore, y=x*+3

Example 3

Find the general solution of: ﬂ = 2—X2
dx 3y*
dy 2x°
dx 3y?
3y?dy = 2x* dx
CBY” dy = (px° dx

2
y'=:x+C
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Example 4

Solveﬂzu if y=-4when x=1.

dx xy

ydy = ?é% + 1gdx

N ;< )

dy = p— +1-dx

i &5

1

Ey2=[ln|x|]+x+C

Sy?=x+In|x|+C

Now, we know that y = -4 when x = 1 so we can solve for C.

1, 2

E(_4) =1+In|1]+C
C=7
Therefore,

%y2:7+x+ln|x|

or better still...
y> =14+ 2x+2In| x|

Example5

Solve: du_ gt
dt

% U+ 2t

=€
dt

% - eu e2t
dt

1
—udU = GZt dt
e

e'du=¢edt
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-e —Ee2t+C
2
_£:e2t+D
eu
Example 6
Solve:ﬂz Inx
dx xy+xy°
dy _ Inx
dx  xy+xy°

(xy + xy®) dy = Inxdx
(y+y?)dy =12 dx
X

. JInx
gy+y)dy =g ~dx

Ontheright side, use substitutionand let u =Inx® du =de ® (ydu® %uz +C
X

1. o .1 4 1,2
—y +oy'=ZIn“x+
2y 4y 2 C

2y*+y*=2In*x+D

Example 7

2

Solve: ((jj y =4x+3

X2

2
Thisis asecond-order differential equation. The symbol d 32/ cannot be separated like % We can get
X X
2 1
around this by saying d—g = & S0,
dx® dx
& =4x+3
dx
dy'=(4x+3)dx
Oy’ = (§4x+3)dx
y'=2x*+3x+C
dy

Now, we can replace y' with P
X
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ﬂ=2x2+3x+c
dx
dy = (2x* + 3x+ C) dx
(Y = (2% +3x + C)dx
23,32
y=3X +5X +Cx+D

Many times, we will eliminate fractions from solutions to differential equations but when they is
isolated, we let the equation stand as it is.

If we were given some initial conditionslike® y'=-3and y =2 when x=1", we would stop after the

first antidifferentiation and usey’ = -3 when x = 1to find C. Then, after the second antidifferentiation,
usey=2whenx=1tofindD.

Differential equations and the exponential growth model

If we had known how to solve differential equations, the exponential model would have been much
easier to derive. We started our derivation with the equation

d_
dt
We then separated the variables (although you didn’t know why we did at the time) to get

1dy =kdt
y
At this point, we tried to find an equation which, when differentiated would give us

1dy=kdt.
y

Now that we know how to handle differential equations like this, we could have simply
antidifferentiated to get
In|y|Fkt+C

y - ekt+C
y - ekteC '
y = Ae"

Remember, that for most problems, the "A" is the initial amount present and for problems involving
investing, the"A" isthe principle.
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Slope Fields

Introduction

Slope fields are used to visualize the family of curvesthat are solutions to differential equations. Quite
often we can use them to approximate solutions to differential equations. Consider the differential

eguation % =2x. Solving this equation using methods we learned in the previous section, we obtain
X

y = x*+C. Thisequation represents a family of parabolas and the differential equation % =2x tells
X

us the slope of atangent at any point on a member of this family. The table below shows several
members of this family and the slope of atangent for various values of x.

y=x y=x"+3 y=x"-2
X=- -6 -6 -6
X=-2 -4 -4 -4
X=- -2 -2 -2
Xx=0 0 0 0
x=1 2 2 2
X=2 4 4 4
Xx=3 3 3 3
) ) ) . d )
The slope field for the differential equation d_y = 2X is shown below.
X
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"Wonderful!" you say, "What isit?' Let's back up amoment and look at the graph of several members

of the family of curves y = x>+ C, which was the general solution to our differential equation % =2X.
X
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Slope Fidlds

Now, let's combine the two graphs.
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When we draw a slope field, we simply sketch short segments of tangent lines to selected members of
the solution family. Now, the whole ideaisto use a slope field to get avisual impression of the solution
family before we actually solve the differential equation. Again, slope fields are a graphical
representation of the general solution to a differential equation.

dy

In our example, — = 2x, note that the slope of the tangent depends only upon x. Thisresultsin
X

columns of segmentsthat are parallel. If our differential equation were something like % =1-y,we
X

would see rows of segments that would be parallel. If the differential equation involves both x and y, the
slope field will have segments that are not in parallel rows and columns.
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Let'swalk through the procedure to draw a slope field. Consider the differential equation 2— =- 5.

Xy
In this example, the slope of atangent to any member of the solution family depends on both x and y.

Begin by choosing a variety of points on the grid and calculating the value of % a each point. Try to
X

maintain some sort of orderly progress. We'll start by using coordinate pairs which all have -5 asthe x-
coordinate.

(-55® ﬂz
dx
(-5,4) ® Y1250
dx
(-53 ® ﬂ =1.667
dx
(-52)® ﬂ =2.500
dx
dy
-5)® =+ =
(-59 v
dy .
(-50)® & % (vertical tangent)
X
(-5-1)® ﬂ:-5
dx
(-5-2)® ﬂ=-2.500
dx
(-5,-3)® ﬂ=-1.667
dx

(-5,-4)® Y1250
dx

Now, on ablank grid, go to the point (- 5,5) and draw a short segment that has a slope of 1. Next, go to
the point (- 5,4) and draw a short segment that has a slope of 1.250 and so on. Now, use —4 asthe x-

coordinate, calculate the value of % and sketch the segments on your grid. When we finish, we should
X

end up with a picture that looks like the sketch at the top of the next page.
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Slope Fidlds

It appearsthat the solutions are all circles! In fact, if we wanted, we could use any initial conditions to
actually draw the particular solution for the initial conditions. If the original problem stated the initial
condition that when x =4, y =0 we could go to the point (4,0) and follow the slope field to get the

picture below.
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Now, what made this particular problem so tedious is that the slope depended on both x and y. If the
slope depends only on x or y but not both, the process is much simpler. If the slope depends only upon
X, we need only draw one row (say, the top row) of segments and then draw parallel segments down the
columns. If the slope depends only upon y, we draw one column of segments (say, the left column) and
then draw parallel segments across each row.

At the top of the next page we see the slope field for 3
X
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Note that since the slope was dependent on the value of x, we get columns of segments that are parallel.

y+3.

1
2

dy__
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In the next sketch, we graph the slope field for
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Note in this case, the slope depended only on y and the result is rows of parallel segments.

become a part of afirst course in Calculus because of the introduction of calculators and other software

We do have to be able to generate simple slope fields by hand but the whole slope field concept has
which can generate slope fields for much more complicated equations.
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