The Derivative

Introduction

In a previous section, we estimated the slope of atangent to a curve a some point P. We accomplished
this by considering a point Q a short distance from P. We calculated the slope of the secant line passing
through P and Q asthe point Q gets closer and closer to P. The closer Q getsto P, the closer the slope
of the secant isto the slope of the tangent a P. In this section, we will learn how to go beyond
estimating and actually find the exact slope of atangent to a curve at a point.

The definition of derivative

Consider the diagram below.

tangent lineat P
h

/ X x+h

f(x+h)- f(X)
h

point P, the secant line and the tangent line at P become closer to being the same line. All we need isa

processthat alows usto let the distance h get arbitrarily small. That process, of coursg, islimits! If we

f(x+h)- f(X)

The slope of the secant line through P and Q is given by . Aspoint Q moves closer to

take the limit of as h® 0, the slope of the secant and the slope of the tangent will be

, iscalled the derivative of f a x and is denoted f '(X).

exactly the same. This limit, %@M

Definition of derivative

f '(X) =lim f (x+h)- f(X)
h® 0
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The Derivative

In some instances, instead of using h to denote a small change in x, the symbol Dx isused. If we use

Dx, the definition of the derivative becomes f‘(x) = lim W .

f(x+h)- f(x)

The quotient we started with, , Iscalled a difference quotient. A difference quotient

tells us the average rate of change in function values as x goes from x tox+h. The limit of this
difference quotient as h® 0 iscalled the derivative and tells us the instantaneous rate of change in
function values a x.

There are many ways to set up the definition of the derivative. Consider the following diagram.

y=f()

/ X a

In thisfigure, instead of moving some distance h from x to get coordinates of point Q, we simply choose
another x-coordinate, a. Now, the coordinates of point Q are (a, f (a)). The difference quotient which

yields the slope of the secant through P and Q is given by w . Inorder to get the derivative,
- X

instead of letting a distance h go to zero, we let a approach x. The definition of the derivative now
becomes f'(x) = lir mw . The derivative is simply alimit of a difference quotient. Listed below

are several waysto express the derivative.
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The Derivative

Definitions of Derivative

i ey = e
X® a X-a

f'(m) = lim (MW~ (M
n® m n-m

! _ 1.4 F(@)- T(b)

o) =m0

fi(x) = lim 1O+ 1)
a® 0 a

f '(X) — éig‘o f (x+Dx)- f(x)

, - f (x+h)- f(x)
=l

Many students get into alazy habit of saying “...the derivative isthe slope of atangent...” or just “...the
derivative isthe slope...”. Actually, the derivative is a function or expression which can yield the slope
of atangent at any point.

How we interpret the derivative depends on the problem. In its purest sense the derivative is a function
which yields the instantaneous rate of change in function values at any point (x, f(x)). If we begin with

aposition function, the derivative is a function which will yield the instantaneous velocity at any time t.
If we begin with a function that describes the temperature of a pond over time, the derivative isa
function which will yield the instantaneous temperature a any timet.

Consider afunction V(r) which describes the rate of change of the volume of an object with a given
V(rz) B V(rl)
rh-n
object as the radius changes from r, to r,. If we take the limit of this difference quotient as r, ® r,, we
would obtain V (r,) , which will yield the instantaneous rate of change in the volume at the instant when
theradiusis r,. Thedifference r, - r, could also be written Dr and so the derivative could be expressed

asV'(r) = | gno—v(rz)[;rv(rl) .

radius. The difference quotient tells us the average rate of change in the volume of the

Now that we have the definition of derivative, we can move on to actually finding them. In later
sections, we will learn many theorems that will allow usto find derivatives quickly and easily. For now,
we will use the definition of the derivative to find derivatives.
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The Derivative

Example 1

Given f(x) =6x- 7, find f'(x).

e =l

f(x+h)- f(x)
h
[6(x+h)- 7]-[6x- 7]
h
[6x+6h- 7]-[6x- 7]
h
6X+6h- 7- 6Xx+7

h

h®

3

o

h

3

@
o

h

3

@
o

6h

h
lim6

h®

h®

o3

I
o3

I
»

\ f(x)=6

Example 2

Given f(x) =x*>+5x, find f'(x).

£1(x) = lim X+ - T
h® 0 h
Iim[(X+ h)? +5(x+ h)] - [x* +5x]
h® 0 h
3 Iim[x2 +2xh + h? + 5x + 5h] - [X* +5X]
" heo h
2xh+h? +5h

h® 0 h

\ f'(x)=2x+5
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The Derivative

Example 3

3x+2

Given f(x) =2
2X-5

find f ().

£1(x) = lima X - ()
h® 0 h
3(x+h)+2 3x+2
2(x+h)-5 2x-5
he o h
K342 3x+2
_lim2x+2h-5_2x-5

h® 0 h

To smplify our work we will find a common denominator in the numerator and factor the h out in front

1
as —.
h
f(x)=limer® ___-1h u
"0 gh & (2x+ 2 +5)(2X- 5) g
-19
=lim
heo (2x+2h+5)(2x- 5)
_ -19
(2x+5)(2x- 5)
. -19
(2x- 5)
Example 4

Given f(x) =+/x+3, find f'(x).
f(x+h)- f(x)

P09 =lim=—}
o J(x+h)+3- x+3
_Ihgg h

To smplify, we will rationalize the numerator. We will not simplify any multiplications in the resulting
denominator.

 J(x+h)+3- JYx+3 [(x+h)+3+/x+3
lim .

he o h Jx+h)+3+/x+3
—li (x+h+3)- (x+3)

won(J(x+) +3+x+3)

=

o
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The Derivative

h
h(\/(x+h)+3+x/x+3)
. 1
hI®ng(\/x+h+3+\/x+3)

1

“[xraedxea)

h®

3

o

Example5
Find an equation of the tangent lineto f(x)=x*+Xx at x=2.

To write an equation of atangent line, all we need is a point and the slope.
The slope of the tangent can be obtained from the derivative.

Point

f(2)=6
\ (2,6)

Slope

9= e 1)
[(x+h)®+ (x+h)]- [x* +X]

h® 0 h

[(x* +2xh+h?+x+h)]- [x*+X]
h® 0 h

2xh+h*+h

h® 0 h
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The Derivative

\f(x) =2x+1

Now, f'(2) =5\ theslope of thetangent at the point (2,6) is 5.

Equation of the tangent

Using the point and slope we calculated
we obtain:

y- 6=5(x- 2)

Comments on notation

There are several waysthat a derivative or the process of differentiation can be denoted. Aswe learn
more about differentiation, we will learn more notation.

If we are givenafunctionasin®“ f(x) =", the derivative would be denoted f '(x). Of course, if we are
given “ Q(x) =", the derivative would be denoted Q'(X) .

If we are given an equation of theform “ y =", the derivative is denoted % . For now, % isonly a
X

X
symbol, not afraction. Later on we'll see that it actualy is aquotient, but for now, it’s just a symbol.

We will also see notation such as D [x?]. Thisis something of acommand which says, “Find the

derivative of x*.” Wewould respond D,[x*] = 2x. The notation di(xz) means exactly the same
X

thing...find the derivative of x*.

If we need to denote the value of the derivative of afunction at a point, say x =7, we would write
f'(7).

If we have a derivative such as % =3x- 1, we could denoteitsvalueat x =7 by writing &

X Xlx=7
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Differentiation Theorems

Introduction

WEe' ve been using the definition of derivative to find derivatives. While thisis a perfectly acceptable
method, it can get quite cumbersome...as we already know. In this section, we will prove several
theorems related to differentiation which will make finding a derivative much quicker. Once we have
these theorems, we will no longer have to rely on the definition of derivative to find derivatives. From
now on, the only time we will use the definition of derivative to find a derivative is when the problem
states“...using the definition of derivative, find...”. Doesthis mean we are finished with the definition?
No. Many of the theorems we are about to prove begin with the definition of derivative and we will
return to the definition frequently throughout the course.

Thederivative of a constant

Consider f(x) =c, where cisaconstant.

f,(X):Liongf(x+h)-f(x)

. C-C
Im—
®0 h

0

=

If f(x) =c wherec isaconstant,
f'(x)=0
or
D,[c]=0

Notethat in the limit statement above, c- ¢ =0 but h will never be zero. The fraction c_hc will

always have a zero in the numerator and some arbitrarily small number in the denominator—thus the
value of the fraction is zero.

Example 1
Given f(x) =5, find f'(x).

f'(x)=0
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Differentiation Theorems

The Power Rule

Before we move on to the proof, let’s look for a particular pattern when binomials are expanded. Look
at the following expansions:

(a+b)?>=a’*+2ab+b’
(a+b)’ =a’+3a’b+3ab’ +b’
(a+b)* = a* +4a’h +6a’b’ + 4ab® + b*
(a+b)° =a’ +5a'h +10a’v’ +10a’b® + 5ab* + b°

Notice that the exponent on the binomial shows up as the coefficient of the second term in the
expansion. For example, the first two terms of (a+b)°® will be a® +6a’b. If we use thisideato expand
(x+h)" we obtain an expression of the form x" + nx" 'h+ Bx" *h* + Cx" *h® +...+ h"where B, C and so

on represent the coefficients of each term after the second. (We can actually find these coefficients
using the binomial theorem, but they are of no concern to us a this point!)

Now, consider f(x) = x" where nisany real number.
f(x+h)- f(x)
h

e =l

(x+h)"- (x")

3

=i
h®

0 h
im (X" +nx""h+ Bx" *h* +Cx" °h* +...h") - (X")
h® 0 h
—lim X"+ nx"h+Bx"*h*+Cx"°h* +...+h"- X"
h® 0 h
—lim nx"'h+ Bx" *h* +Cx"*h® +...+ h"

li
h®

o

h

Notice that the x"term at the beginning and end of the numerator add to zero. Also noticethat hisa
factor of all the remaining terms of the numerator. We will factor out an h in the numerator and then
reduce it with the h in the denominator.

hnx"* + BX" ?h+ Cx" *h* + ...+ h"']
h
Iimg1x”‘l +BX"?h+Cx"°h* +...+ h”‘lg

h® 0

h®

3

o

We now have an h as a factor of every term except the first. As h® 0, all of these terms go to zero.

— n-1
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Differentiation Theorems

The Power Rule

If f(X)=x", wherenisareal number,
f'(x)=nx"*
or

D [X"]=nx""

Example 2

Given f(x)=x, find f'(x).
f'(x) =9x°

Thederivative of cf (x), sumsand differences

We now introduce several important theorems. The proofs are very straightforward and are left for the
reader.

D, {cf (x)] = cf '(x)

This theorem states that the derivative of a function multiplied by a constant is equal to the constant
multiplied by the derivative of the function. For example, if f(x) = 4x?, the derivative becomes

f '(X) =4[3x*] =12x*. Notice that a constant is handled differently depending on whether it isa“stand
alone” constant (D,[c] =0) or aconstant that is a factor of aterm.

D,Lf()+9(x¥)]=f'(x)+9g'(x)
and

D.Lf(X)- 9(x)]=1'(x)- g'(x)

These two theorems state that the derivative of a sum is the sum of the derivatives and the derivative of a
difference is the difference of the derivatives.

The next example makes use of the theorems we have discussed thus far.

Example 3

Given f(x)=5x*- 3x* +8, find f'(x).
f'(X) = 20x° - 6x
(Notethat the derivative of the constant 8 was zero.)
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Differentiation Theorems

Example 4

Given f(x) =/x + ¢ find f'(x).
First, rewrite the function with rational exponents, then use the power rule.

f (X) - X1/2 + X2/5

' 1 -1/72 , 2_-
== + 2

f'(x) 5 X £ X
2

5X3

3/5

B

+

<1

2

The Product Rule

We already know that the derivative of a sum is simply the sum of the derivatives, but isthe derivative
of a product the product of the derivatives? If it is, then the derivative of the function

f(X) = (x®+ x)(5x° - 2x) would be f'(x) =(3x* +1)(10x - 2). Unfortunately, it’s not that easy. The
correct derivativeis f'(x) = (x> + X)(10x- 2) + (5x° - 2x)(3x* +1). To differentiate a product we use
something called “The Product Rule”. Let’s see where it comes from.

Let p(x) = f(X)g(x). Using the definition of derivative we can write

p'(X) =lim p(X+h)' p(X) .

h® 0 h
Now, because p(x) = f(X)g(x),

0'(x) = lim f(x+h)g(x+h)- f(x)g(x)

h® 0 h

In order to move forward, we are going to subtract, and then add, the quantity f (x +h)g(x) to the

numerator. All we are actually doing is adding zero to the numerator in order to change the way it
looks—a common tactic in proving theorems.

2100 = lim LI - G0 + 0+ - (9909

h® 0 h

We now separate the quotient into two parts.

ID.(X):”méf(x+h)g(x+h)- fx+hg(x) | fx+h)g()- f(Yg(x)u
h® 08 h h 4

In the first fraction, f (x+h) isacommon factor and in the second fraction g(x) isacommon factor.
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Differentiation Theorems

f(x+h)

() = [im®& g(x+h)- 9(¥ f(x+h)- f(x)u
P =lime +9(3) ™ f

Inside the brackets we now have four pieces and we will take the limit of eachas h® 0. Let’slook at
each one separately and then put them together.

Li(grg f(x+h)=f(x). Herewe smply let h go to zero.

lim g(X+ h) B g(X)

lim b =g'(x). Thelimit statement is the definition of the derivative!

Li(grg 0(x) = g(x). Thisistrue because g(x) isnot dependent onh at al...so it doesn’'t matter where h

goes.

= f'(x). Again, the limit statement is the definition of derivative.

Finally, limt - ()
h® 0 h

Let’s put them together now. We'll begin with our last step in the proof.

g(x+h)- g(X)+g(X) f(x+h)- f(¥u
h t

vy = [im €
p'(x) = Ll®nggf (x+h)

p'(X) = f(x)g'(x) +g(x) f(x)

The Product Rule

If h(x) = f(x)g(x) then
h'(x) = f(x)g'(}) +g(x) f '(x)
or
D.Lf()g(x)] = f(x)g'(x) +g(x) f '(x)

In words you will never forget, the product rule says,
“The derivative of a product isthefirst timesthe derivative of the second plusthe second timesthe
derivative of thefirst.”

Note: Some students like to use the commutative property of addition to write the product rule as
DI f(X)a(x)] = f'(x)a(x)+9g'(x) f(x). | supposethisis because some students are so anxious to
take aderivative that they want to start right off with f'(x). 1 HIGHLY DISCOURAGE THIS!
It has been my experience that students who memorize the product rule “backwards’ will more
often than not memorize the next theorem (the quotient rule) incorrectly. I’m not sure why this
happens, but it happens. Trust me. Please, when you recite the product rule, always begin with
“...thefirst timesthe derivative of the second...”
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Differentiation Theorems

We haven't yet run into any functions where the product rule is absolutely necessary. Consider the
function f(x) =(3x+2)(x- 5). Sincef isthe product of two functions, we could use the product rule

but is generally easier to smply multiply the two together and then use the power rule. We will make
much more use of the product rule when we start running into more complicated functions such as

g(x) =x*sinx. To find the derivative of g(x) = x*sinx, the product rule must be used because the
product of x* and sinx cannot be simplified any further than it already is...unlike the product
(38x+2)(x- 5), which can be simplified to 3x* - 13x- 10.

Example5

Given h(x) = x*f (x), find h'(x).
000 = 8 00 +[ £ (0]

The Quotient Rule

The derivative of a product is not the product of the derivatives—we need the product rule to find the
derivative of aproduct. Similarly, the derivative of a quotient requires a special rule...the quotient rule.

109
(

3 Using the definition of derivative we obtain,
X

q(x+h)- a(x)
h

Consider the function g(x) =

q'(x) =lim
f(x+h)  f(¥)
i 90N 900

h®0 h

_lim 1éf(x+h) f(x)0

0 hEg(x+h)  g(94

—lim 1ef(x+h)g(x)- f(X)g(x+h)u
woh § g(x)g(x+h) i

At this point we will subtract, thenadd f (x)g(x).

q'(x) = lim~ 1éf(x+h)g(x)- F(x)g(x)+ F(¥)g(x) - F(x)g(x+ h)u
heoh g g(x)g(x+h) v

We now, (1) distribute the % through the numerator, (2) separate the numerator into two parts and (3)

factor out common terms.
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Differentiation Theorems

g(X) f(X+hr)]_ f(X) _ f(X) g(X+ hr)]_ g(X)
q'(x) =l
he o 9(x)g(x+h)

Taking the limit of each of the terms yields,

9 F'(x¥) - f(x9'(¥
[9(]°

q'(x) =

The Quotient Rule

it h() =+ then
g(x)

(g = SR M- (999
(9]

or

D ef(u_g()f'(x)- f(x)g'(x)
x € u 2
&9(X) g [9(X)]

In words you will never forget, the quotient rule says,
“Thederivative of a quotient isthe denominator timesthe derivative of the numerator minusthe
numerator timesthe derivative of the denominator over the denominator squared.”

Example 6
Given f(x)=="2 find f'(x).
8x+1

Fi(x) = (8x+1)(D) - (XZ- 4)(8)
(8x+1)
_8x+1- 8x+32
T (8x+1)?
33
(8x+1)?

Example 7

Given f(X) :1—?, find f(x).
X
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Differentiation Theorems

We will do this problem two ways—once with the quotient rule and again by rewriting the function to
avoid using the quotient rule.

(9 = )0 - 10@x)

_ -40x°

X8

|40

X5

Now, rewrite the original function as f (x) =10x*,

f'(x) =-40x°
L0

X5

Clearly, it iseasier to differentiate after rewriting the function with negative exponents. When to rewrite
afunction and when not to is something that will become easier to determine as you find more and more

derivatives.
Example 8
. Ix-1 dy
Given y = , find —.
y Jx +1 dx
B Xl/2 _ 1
y= 2 +1
dy (X1/2 +1)(;X'1/2)- (X1/2 } 1)(;)(-1/2)
& - (X1/2 +1)2
1
Jx(Vx +1)2
Example 9
Given y:%, find ﬂ
X’ - 6x+8 dx

dy _ (- 6x+8)(0) - 3(3% - 6)

dx (x®- 6x+8)°
_18-9x°
(x®- 6x+8)°

90



Derivatives of the Trigonometric Functions

Introduction

We're going to get right to it in this section. Now that we have the definition of the derivative, the
power rule, the product rule, the quotient rule and several other differentiation theorems, we're ready to
find the derivatives of the six trigonometric functions. In order to avoid confusion with the hyperbolic
trigonometric functions (sinhx,cosh x, etc.) we will use Dx instead of h in the definition of derivative.

Derivative of the sine function

Let f(x)=sinx.
f(x+Dx)- (X
f'(x)=1lim ( ) T(x)
Dx® 0 Dx
— lim sin(x + Dx) - sin(x)
T D@0 Dx
— lim [sinxcosDx + cosxsinDx] - sin(x)
T k@0 Dx
— lim sinxcosDx + cosxsinDx - sinx
T D@0 Dx
— lim sinxcosDx - sinx +cosxsinDx
T D@0 Dx
— lim sinx(cosDx - 1) + cosxsin Dx
T k@0 Dx
_ ésinx(cosDx - 1) cosxstxu
=lim
Dx®08 Dx Dx H
_ .. é. —cosDx- 1y stxu
=lim gsmx o I|m CCosX—
Dx® 0 Dx H D®0 g H
From our previous work with limits of trigonometric functions we know that
. - . snDx
|ImM':O and lim 2 =1, therefore,
Dx® 0 Dx Dx® 0

f'(x) = (sinx)(0) + (cosx)(1)
= COSX

If f(xX)=sinx® f'(x)=cosx
or
D,[sinX] = cosx
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Derivatives of the Trigonometric Functions

Derivative of the cosine function

Let f(x)=cosx.

f(x+Dx)- f(x)
Dx

cos(x + Dx) - cos(x)

Dx® 0 Dx
— lim [cosxcosDx - sinxsinDx] - cos(x)
T D@0 Dx
— lim cosxcosDx - sinxsinDx - cosx
T k@0 Dx
— lim CcosxcosDx - cosx - sinxsinDx

, cosDx- 10 'mé' sinDxu
Dx® 0§ Dx H Dx®08S| Dx H
= (cosx)(0) - (sinx)(D)
=-s8nx

If f(xX)=cosx® f'(x)=-s8nx
or
D,[cosx] =- sinx

Derivative of the tangent function

We can combine the quotient rule with the derivatives of sine and cosine to find the derivative of the
tangent function without resorting to the definition of derivative.

Let f(x)=tanx.
f(x) = tanx = 20X
COSX

_ (cosx)(cosx) - (Snx)(- sSinx)
- cos” X
_cos’x+sin’x _ 1

"~ coXx  cosX
=sec’ X

fY(X)

If f(x)=tanx® f'(x)=sec’x
or

D_[tan x] = sec? x

Derivative of the secant function
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Derivatives of the Trigonometric Functions

Let f(x)=secx.
f(X) :Secx:i
COSX

Fi(x) = (cosx)(0) - 2(1)(- sinx)
oS’ X

_sinx
cos® X
1 snx

COSX COSX
=secxtanx

If f(xX)=secx® f'(x)=secxtanx
or
D,[secX] = secxtan x

Derivative of the cotangent function

Let f(x)=cotx
f(x) = cotx = ==
sinx
Fi(x) = (snx)(- sinx_)-2 (cosx)(cosx)
sin x
_ - sin” x- cos” X
- sin®x
_sin® x+cos” X
o sin® x
1
sin® x
=- csC* X

If f(X)=cotx® f'(x)=-csc’®x
or
D, [cotX] =- csc® X
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Derivatives of the Trigonometric Functions

Derivative of the cosecant function

Let f(x)=cscx.

f(X) =cscx = i
sinx
(snx)(0) - (1(cosx)

sn®x

f'(x) =

_ - COSX
sin? x

sinx sinx
=- cscxceot X

If f(xX)=cscx® f'(x)=- cscxcotx
or
D,[cscx] = - cscxcot X

Example 1
Given f(x) =3sinx, find f'(x).

f '(X) = 3cosx

Example 2
Given f(x) =x’sinx, find f'(x).

f'(X) = (x*)(cosx) + (sinX)(2X)

= X* COSX + 2XSiN X
Example 3
Given y =29 fing &,
x+1 dx
dy _ (x+1)(- 2sinx) - (2cosx)(D)
dx (x+1)?
_-2(x+1Dsinx- 2cosx
(x+1)?
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Derivatives of the Trigonometric Functions

Example 4

Given f(t) =sinttant, find f'(t).

f '(t) = (sint)(sec’ t) + (tant)(cost)
= (sint)(sec’t) + sint cost
cost

=sint(sec’t +1)

We should make note of the wonderful symmetry in the derivatives of the trigonometric functions. Sine
becomes cosine, cosine becomes the negative of sine, etc. It’s another reason the trigonometric
functions are so important in mathematics and why mathematians love them so much. The
trigonometric functions are extremely well-behaved.

Note: Noticethat in all our current derivative theorems for the trigonometric functions, the argument of
the trigonometric function isasingle variable. Although we can find the derivative of sinp, we

cannot yet find the derivative of sin7p or sin(Qp +5). Functions and expressions such as these
will require the chain rule...which is next up on our agenda
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The Chain Rule

Introduction

Although we have discussed quite a few theorems used for finding derivatives, we have confined
ourselvesto fairly simple functions and expressions. Right now we can, for example, find the derivative

of f(X)=x",butnot f(x)=(4x- 3)"...at least not without expanding the binomial. We can find the
derivative of g(x) =sinx, but not g(x) =sin(x*- x) or h(x) =sec®(5x- 2). We can differentiate
y= Jx, but not y= J7x- 3. Until now, we have never dealt with a composition of two or more
functions. To differentiate a composition, we need the chain rule.

We use the product rule when we have a product, we use the quotient rule when we have a quotient. We
will always use the chainrule. (Actually we' ve been using it all along and didn’t know it!)

Thechain rule

In order to prove the chain rule, we will use adifferent form for the definition of the derivative than we

have previously used in proofs. Wewill use f'(x) = Ii(gnw.
R®X X - X
Let h(x) = f(9(x)) .

h(x) = lim 1)~ N

X ® X Xl- X
S {CICY BRICIE)
¥ ® X )(1_ X

In proving the product and quotient rule we used a technique in which we added zero to change the way
an expression looked...and were thereby able to move on with the proof. Here we use another common
technique to change the appearance of an expression, we multiplying by one.

100 = lim 10 - (909) 9(%)- 909
9 x-x  9(%)- 909

The commutative property of multiplication allows usto write,

hi(x) = lim-{904)) - T(909) 9(x) - 9(x)
nex (%) - 9(x) X - X

Let’s consider the first of these two limits. Aslong as g is awell-behaved function, as x, approaches x,
g(x,) will approach g(x). The sketch below illustrates this point.
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g(x)

NP

X ¢—— X1

This fact allows us to rewrite the limit as

im  1(904)- T(9(x)
90)®9(0)  g(x)- g(x)

which , if you look carefully, isthe definition of f'(g(x))!

The second limit, Iimw
X ® x Xl_ X

, Isthe definition of g'(x) .
Putting it all together we obtain
h'(x) = f'(9(x)) - 9'(x)

The Chain Rule

If h(x) = F(9(x)) ® h'(x) = f(g(x)) g'(x)
or

D.LT(a0] = (9(x) - g'(x)

The best way to learn how the chain rule works isto see actual problems.

Consider h(x) = (7x- 2)*. Now we could, theoretically, expand this binomial and then simply use our
power rule (see you in about ayear!) Let’sinstead consider h as a composition in which f (x) = x* and
g(x) =7x- 2 and h(x) = f(g(x)). Since f(x)=x%, f'(x)=45x*. Since g(x) =7x- 2, g'(X)=7.
Because f'(x) =45x*, f'(g(x)) =45(7x- 2)*. Thus, [f(g(x))]'= f'(g(X))  9'(X) =45(7x- 2)* .7
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Another way to look at afunction like h(x) = (7x- 2)* isto “see” an outside and an inside function. In

this case the outside function is somthing®™ and the inside function is 7x- 2. To find the derivative,
think, “the derivative of something to the 45th is 45 times something to the 44th times the derivative of
the something.”

When you look at a problem, you should try to “see” the outside function. The following table may
help. Don’t worry, the more problems you do, the better you'll get!

Theproblem | What you should What you say to your self The derivative
see
- 20 times something to the 19"
(- G | OMENingtothe20th | =5, e derivative of the 20(X2 - 6X)°(2x- 6)
something
_ 1/2 times something to the 1. . s
Jsinx something tothe /2 | minus 1/2 times the derivative 5 (sinx)" 7" cosx
of the something
5 times something to the fourth
cos® x something to the 5" times the derivative of the 5cos’ x(- i)
something
sin(5x +4) sine of something cosine of something times the [cos(5x + 4)] )

derivative of the something

We will often have to apply the chain rule to compositions of three or more functions. In this case, work
from the outside function to the inside function. We will look at some examples later on.

Changesin our differentiation theorems

Now that we have our chain rule, many of our differentiation theorems will change to reflect the fact
that they work for compositions. We will not change the way the product rule or quotient rule look—
you just have to remember to chain when necessary.

The Power Rule

D)™ =nf(x)""f(x)

Derivatives of the trigonometric
functions

D,[sin f (x)] = f '(X)cos f (x)
D,[cos f (X)] =- f(x)sin f(X)
D, [tan f (x)] = f '(x)sec’ f(X)
D, [cot f (x)] =- f '(X)csc? f ()
D, [sec f (x)] = f '(x)sec f (x)tan f (X)
D,[csc f (X)] =- '(x)csc f (x)cot f (x)
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Another form of the chain rule

The chain rule can also be expressed in the following form:

The Chain Rule

This form is used to differentiate functions when they are given interms of “ y =" instead of function
notation. It will also be of use when we learn how to differentiate implicitly.

Consider y=+/x3+5x. For thisequation, y=+/u and u=x3+5x. Since y=+/u, %ziu'”z and
u
sinceu=x3+5x,%=3x2+5. Using ﬂzﬂ-%yields
dx dx du dx
dy_a

12032 + Gy
™ & ljng SY-
Substituting u = x> +5x resultsin

dy _gl,.s 121422 4 Ep
R AN

3X*+5

- 24/ +5x

Chain rule examples

Example 1

Given f(x)=+/x*+1, find f(x).
£ =5 (¢ +1)*(2x)
_ 22X
22X+l

X

_\/x2+1

Example 2

Given f(x) =sin7x, find f'(x).
f'(X) = (cos7x)(7)
=7cos7x
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Example 3

Given g(x) =sin’x, find g'(x).
g'(X) = 2sin xcosx

(Inthis problem you should “see” something squared.)

Example 4

Given h(x) =sinx?, find h'(x).
h'(x) = (cosx?)(2x)
= 2xcosx’

(Inthis problem you should see the sine of something.)

Example5

Given f(x) =tanx?, find f(x).
f '(X) = (sec® x*)(2x)
= 2xsec” X

Example 6
Given f(x) =cos’(3x+5), find f'(x).

In this problem we have 3 functions being composed. Think of it like this:
...the derivative of something to the 5" which will become 5 times something to the 4"
...the derivative of cosine of something which will become minus sine of something
...the derivative of 3x + 5which will become 3

f'(x) = gbcos*(3x + B) Y- sin(3x +5)][3]
=-15cos’(3x +5)sin(3x +5)

Example 7

Given f(x) = find f(x).

(X*- 8x2+3)°
f(x)=(x- 8x*+3)"°
f'(X) =-6(x*- 8x* +3) " (3’ - 16X)
96x - 18x°
(x*- 8x°+3)’
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Example 8

Given h(x) = cos’(cosx), find h'(x).
h'(x) =[2cos(cosX)][- sin(cosx)][- sinx]

Example 9

If h(x)=f(g(x)) and f(7)=4, g'(2)=5 and g(2) =7, find h'(2).

h'(x) = (9(x))g'(x)
h'(2) = 1(9(2)9'(2)
=fY7).5
=4.5
=20

Example 10
Given p(x) = f(g(h(x))), find p'(x).

p'(x) = F'(g(h(x)))- g'(h(x))- h'(x)

Thethreetypesof tangent to a curve problems

Throughout this course we will be writing equations of tangents and normalsto curves. A normal isa
line perpendicular to the tangent a a given. These problems fall into three basic categories which we
will refer to as Category I, Il and 111:

Category |: given acurve and apoint (or at least an x-coordinate)

Category I1: given acurve and aline to which the tangent must be parallel or perpendicular

Category I11: given acurve and a point not on the curve through which the tangent must pass

Category | strategy

To find the point: If you are only given an x-coordinate, X = a, determine the y-coordinate by finding
f(a).

To find the slope: Differentiate the function and then calculate f '(a) .

Use the point-slope form for aline to write the equation of the tangent.
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Example of a Category | tangent problem

Write an equation of atangentto y=x*+1 at x =3.

Point Slope Equation of tangent
When x=3, y=28 ﬂ—sxz y- 28=27(x- 3
dx
\ (3,28)
Y =y7
dx|,=3
\ ' m =27

Category |1 strategy

To find the point: Differentiate the function and set the derivative equal to the slope of the given line.
(If you are writing an equation of a normal, set the derivative equal to the opposite
inverse of the slope of the given line.) Thiswill yield an x-value. Now, to get the y-
coordinate, find the value of the function at this x-value.

To find the slope: It isgiven. If the line given is parallel to the tangent, use the slope of the given line.
If the line given is perpendicular to the tangent line, use the opposite inverse of the
slope of the given line.

Use the point-slope form for aline to write the equation of the tangent (or normal).

Example of a Category |1 tangent problem

Write an equation of atangent to y = x* +1 that is parallel to 3x- 4y=7.

Slope Point
The slope of the given lineis 731 , % _ 3y
X
thus the slope of our tangent is 2. , 3
4 \ 3x =3
1 1
=2 orx=-3

This means there are two lines tangent to
the curve that are parallel to the given line.

When

_1 _9, & 96
x—§® y—g\

—, == isone point.
&2'8p P

—_1 :Z 3’%}10 i
X= 2® y 8\ gz,galsanotherpomt.
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Equations of tangents

Category |11 strategy
To find the point: Name an arbitrary point on the curve. If the curveis y = x® +1, the point would be

(x,x*> +1). Find the slope of the line through the given point and this arbitrary point.

Set the derivative equal to this slope and solve for x. Now, to get the y-coordinate,
find the value of the function at this x-value. You will often find more than one point.
To find the slope: Find the value of the derivative at the point(s) you just found.
Use the point-slope form for aline to write the equation of the tangent.

Example of a Category |11 tangent problem
Write an equation(s) of the tangent(s) to y = x* +1 passing through the point (3,1).
Point
Any point on the curve can be described by (x,x* +1). The slope of the line through (x,x* +1) and (3,1)
isgiven by

_C+D-1_ X
m= =
X-3 X-3

The derivative is dy_ 3x%. Setting Y m yields
dx dx
X3

X-3

_9 _
X_E or x=0

=3x°

_9 _ 737 .. (9 737
When x—§® y—?\ 0nep0|nt|s(2,8)
x=0® y=1\ another pointis (0,1).

Slope of tangent

:E andﬂ

<94 dx =0
2

x=0

dx

104



The Chain Rule

Equations of tangents

737 _ 243 9
¥ 8‘4(X' 2)
and
y-1=0(x- 0)
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Differentiability and Continuity

Introduction

Like continuity, differentiability can be seen as a measure of a curve's smoothness. As you will soon
see, acurvethat is differentiable is even more smooth, more well-behaved than a function that is
continuous but not differentiable. When the question, “Isf differentiableat x =a?’ isasked, all we

want to know is whether or not the derivative existsat x =a. Take, for example, f(x) = Ix. Its

derivative, f'(x) = % , Clearly does not exist at x=0. We say that f isnot differentiableat x =0.
X
Many times questions about differentiability are this simple...but not always. There are three situations
inwhich a function can fail to be differentiableat x=a:
I. the function may be discontinuous at x = a
[1. it may have avertical tangent at x=a
[11. it may haveacuspat x=a.

The continuity problem

Consider the following function.

ix*+3 if XE£2
fF¥)=1_, : :
TX -4 if x>2
The derivative of f is
. i2x if x<2
F=i,, .
12x if x>2

Note that the “less than or equal to” symbol has been replaced with the strict inequality x < 2. Thisis
because we don't know if the derivative existsat x = 2. If we leave the “less than or equal to” symbol in
place, we are already saying the derivative existsat x = 2...the very thing we're trying to determine.
Now, to find the value of the derivative a x = 2, we will have to find a left-hand and right-hand
derivative. This should not be surprising since a derivative is a limit—and finding the limit of a
piecewise function requires both left- and right-hand limits,

Now, f,(2)=4 and f (2) =4 soit would appear that f is differentiableat x=2... f'(2) $. Beforewe

make any conclusion however, we must run a continuity test at x =2.

Continuity test at x=2
f(2=7

lim (x) = 7ji

@ Jlim f (x
lim f(x) = 0) xe2 )8
X® 27 b

Since Ii®n; f(xX) $, fisdiscontinuousat x=2.

If we look at the graph of f below we'll see what’s happening.
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(%)

y=(x)
y=f(x)

Although both the left- and right-hand derivatives are equal, they occur at different points on the curve!
Sincef isdiscontinuousat x =2, fis not differentiableat x=2.

Consider f (x) =1. Clearly f does not exist a x =0 and thusis not continuousat x=0. The
X

derivativeof fis f'(x) =- izwhich also fallstoexist at x=0.
X

In general, we can say if afunction isdiscontinuous a x = a, the function is not differentiableat x=a.

The vertical tangent

Consider the function f(x) = Ix and its derivative f (X) = # . The function f is continuous at
X
x =0, but the derivative does not exist at x =0. Since the derivative does not exist a x =0, fis not
differentiableat x =0...even though it iscontinuousat x =0. Sowhat’s happeningat x=07? Takea
look at the graph of f.
f(x)

y=1f(x)

This curve hasavertical tangent at x=0!
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We know that if afunction isNOT continuous, it is NOT differentiable. Here we have acase in which a
function is continuous but not differentiable...so continuity does not imply differentiability. Another
way to say thisisthat continuity is a necessary but insufficient condition for differentiability.

The cusp

The third situation in which a function may fail to be differentiable involves something called a cusp.
Consider f(x)=|x-1+2.

f(x)

y=1(x)

N

(1.2)

This curve has a cusp at the point (1,2).

Certainly, fiscontinuousat x =1, but isit differentiable? Let’stake alook at its derivative.
(Remember, functions involving absolute value are piecewise functions and must be converted to
piecewise before taking a derivative!)

ix-1+2 if x3 1 7 x+1 if x31

|
f(X)=|x-Y+2=j =1
(x) | ]4 %1-x+2 if x<1 }-x+3 if x<1
Thus,
. i1 if x>1
f'(x)=1 .
1-1 if x<1

Now, f, (1) =1 but f (1)=-1, therefore f'(1) doesnot exist and f is not differentiable at x =1. Again,
we have a function which is continuous at x = abut is not differentiableat x=a.

Any function that hasacusp a x =awill not be differentiableat x=a.

Relationship between continuity and differentiability

If afunction isdifferentiableat x=a , itiscontinuousat x =a. Differentiability implies continuity.
If afunction iscontinuousat X =a, it may or may not be differentiableat x=a.

If afunction is not differentiable at x = a, it may or may not be continuousat x=a.

If afunction is not continuous at x = a, it isnot differentiableat x =a. Not continuous implies not
differentiable.
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The fact that differentiability implies continuity gives us another test for continuity at a number for non-
piecewise functions. Instead of running our usual continuity test a x = a, we can just take the
derivative and determine if the derivative existsat x =a. If it does, then the function is continuous at
x=a. Becareful though...if the derivative does not exist at x = a, it does not necessarily mean the
function isdiscontinuousat x=a.

Example 1

N 2 -
+
Given f(x)=| X *1 T XEL o emineif fisdifferentiableat x=1.
T 2x if x>1

Because f is a piecewise function, we will first perform a continuity test at x =1.

Continuity test at x=1
f=2

lim f () = 24

x® 1* .
\ lim £ (x) = 2
Iimf(x)=2-i-; i)

X® 1
Sincelig}f(x): f (1), f iscontinuousat x =1

We will now check for differentiability.

i2x if x>1

12 ifx<1
f,O=2and f')=2

Since 1)) = f'(D), f isdifferentiableat x=1.

fi(x) =

Example 2

o
+
Given f(x) =X T2 T XEL o amineif fisdifferentiableat x=1.
T x+2 if x>1

Because f is a piecewise function, we will first perform a continuity test at x =1.

Continuity test at x=1
f()=3
lim f (x) = 3jj
x® 1+ .
A limf(x)=3
lim f(x) =37 o1 9

X® 1
Sincelig}f(x): f (1, f iscontinuous at x =1.

We will now check for differentiability.
i2x if x>1
11 if x<1
f)=2and f'(Q)=1
Since /(1) f (1), f isnot differentiable at x =1.
110
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Example 3

N 2 -
Given ()= X T XL find thevalues of a and b so that fis differentiable at x =1.
jax+b if x31

We are being asked to find the value of two constants, so we need to find two equations in two variables
and solve the system. Where will we get the two equations? One from a continuity test and one from
the derivative.

Continuity test at x=1
f()=a+b

lim f(x) =a+b
x® 1"

lim f(x) =1

X® 1
For f to be continuousat x =1,

a+b=1

Thederivativeat x=1

. i2x if x<1
FO=p_ .
Ta if x>1

Now, f/(@=aand f'QQ)=2
For f to bedifferentiableat x =1,
a=2

Substituting a =2into a+b=1yields b=- 1.

Therefore, for f to be differentiableat x=1, a=2 and b=-1.

Example 4

Determine if f(x):i5 is differentiable at x=5.
X_

Since f(5) doesnot exist, fisnot continuousat x =5, thusfis not differentiableat x=5.

Example5

Determine if g(x) =+/x+6 isdifferentiableat x =10.

, g'(lO)=%. Since g'(10) exists, gis differentiable at x =10.

) 1
Since g'(x) =
g'(x) e
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Higher Order Derivatives

Introduction

This particular topic actually contains very little in terms of new concepts athough the algebra at times
may seem a bit tedious. A “higher order derivative” issimply the derivative of aderivative...or the
derivative of the derivative of aderivative...and so on. If you have afunction f and find its derivative,
you have found f ', thefirst derivative. If you takethe derivativeof f', you would have f", the
second derivative. For many functions this process can go on forever—for other functions the process
of taking higher and higher order derivatives eventually reaches a point where the derivative is zero or
cycles back to the original function. We'll see examples of each.

In the course of most of our problems, the second derivative is as far as we will need to go.

Notation

The table below shows the most commonly used notations for higher order derivatives.

First derivative | Second derivative | Third derivative nth derivative
9(x) 9'(x) 9"(x) 9"(x) g"(x)
y dy d’y d_ay d"y
dx dx® dx® dx"
D[ f(X)] D[ ()] DI f ()] DL f(X)]

Some interesting Situations

Consider f(x)=x>+3x"- 2x+6. Let'srepeatedly differentiatef.
f'(X) =3x>+6x- 2
f"(x) = 6x+6

f"(x)=6
f4(x) =0

Now let’stry it again with g(w) = 2w* + w* - 5w°.

g'(w) =8w’ +3w? - 10w

g"(w) = 24wW* +6w- 10
g"(w) =48w+6

g*(w) =48
g°(w) =0
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Repeatedly differentiating a polynomial will eventually lead to a derivative that is zero. Inthefirst
example above we began with a third order polynomial and the fourth derivative was zero. Inthe
second example, we began with a fourth order polynomial and the fifth derivative was zero. Asyou’'ve
probably guessed already, if we begin with an nth order polynomial, the (n+1)th derivative will always

be zero.

Let’sturn our attention to another interesting scenario. Consider f(x) =sinx. Repeatedly

differentiating results in the following:
f '(X) = cosx

f"(x)=-sinx
f "(x) =- cosx
f4(x) =sinx
Clearly, the derivatives repeat in acycle of four derivatives. This meansit isvery easy to find avery
high order derivative of sinx. Suppose we wanted D°[sinx]. Since we know every derivative that is a
multiple of four is sinx, we know D*[sinX] =sinx. All we need to do now is differentiate two more
times which yields D°[sinx] =- sinx. Another way to look a the same problem isto ask, “What isthe

remainder when 26 isdivided by 47" The remainder is two, so the twenty-sixth derivative isthe same as
the second derivative!

The same cyclic behavior occurs with cosx. If f(x) =cosx,

f'(x) =-sinx
f "(x) =- cosx
f"(x) =sinx
f *(x) = cosx

Do all six trigonometric functions exhibit this same cyclic behavior? We leave it to you, the student, to
experiment on your own.

Example 1
3
Given yzl, determine d—Z
X dx
y=x"
dy_
dx
2
d—g =2x°
dx
d®y » 6
=-6X"=-—
dx® x*
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Example 2
Given g(x) = (3x+5)°, determine g"(X).

9(x) =(3x+5)°
9'(x) =5(3x+5)*(3)
=15(3x +5)*
g"(x) = 60(3x +5)*(3)
=180(3x +5)°

Example 3
Given f(x) =sinx, determine f *'(x).

217 divided by 4 leaves aremainder of 1 so the 217" derivative is the same as the 1%.
f(X) =sinx
f '(X) = cosx
\ f2(x) =cosx

Example 4

Given h(x) =<2 determine h"(x)
3x+4

X- 2

3xX+4

Bx+4)@D) - (x- 2)(3)
(3x + 4)?

10

T (3x+4)°

h(x) =

hi(x) =

Now, at this point we can use the quotient rule again or rewrite h'(x) and use the power rule. Here we
choose to rewrite h'(x) and use the power rule.

h'(x) =10(3x + 4)?

h"(x) = - 20(3x + 4)%(3)
60

(3x+4)°
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