Tangents and the Velocity Problem

Introduction

This section is actually a preview of what's to come...and a history lesson. The final development of
Calculus in the 17" century was centered around several problems from both the applied and pure
branches of mathematics. One problem involved finding a way to determine the instantaneous velocity
of an object. Mathematicians realized that this was closely related to the problem of finding the slope of
atangent to acurve. The other problem was actually an ancient one...finding the exact volume of an
arbitrary solid. Two thousand years ago, Archimedes worked on, and made significant progressin
determining volumes of solids. We will actually use his method later on in the course. In this section
we will discuss the velocity/tangent problem.

The techniques we will use in this section will not give us exact answers. We will be using fairly "ugly"
methods to estimate the slope of atangent to a curve. Later on, after we know how to work with
"limits" we will be able to find the exact slope of atangent to acurve at a given point.

We've used the word "tangent” several times now. In geometry, you studied tangents—primarily
tangentsto circles. Inthis course, when we speak of a line being tangent to a curve we mean tangent at
a point—what the tangent line does before or after does not matter to us. 1n geometry you learned that a
tangent touches a circle at exactly one point. In calculus, you will see many tangents that intersect
curves...sometimes many times. Consider the diagram below.

la

ThelineL istangent to the curveat x=a. Noticethat L intersectsthe curve at several other points.
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Tangents and the Ve ocity Problem

Approximating a tangent when the function isgiven in algebraic form

Let'stry to write an equation for aline that is tangent to the graph of f(x) =x* a x=1. A tangent line

is, of course, just aline. All we ever need to write the equation of aline isa point and the slope. The
point iseasy. Sincewe aregiven x=1, wefind f (1) =1 and so the point is (1,1) .

We will not be able to find the exact sope of thistangent. Not yet. Not until we know about limits and
derivatives. What we will do in thisand the next section is find ways to approximate atangent line.

Before we work on finding the slope of a tangent line, we need to know what a secant lineis. A secant
lineisalinethat intersects, but is not tangent to, acurve. To begin estimating the slope of the tangent
we will find the slope of a secant line that passes through (1,1) and another point Q on the curve close to

(1,1 . Wewill continue to find the slope of this secant line as Q gets closer and closer to (1,1). In other
words, we will let Q approach (1,1) . Now, there are two ways to approach the point (1,1) --from the left
and from the right—we'll do both.

Instead of choosing Q to be (1.5,2.25) , calculating a slope, then letting Q be (1.1,1.21) , calculating a
slope and so on, let's just let Q be an arbitrary point on f (X) = x*. Q's coordinates are then (x, x*).
Now, we can generate a general expression for the slope of our secant that passes through (x, x*) and

. x*-1
(4,1 . Theslope will always be

1 The table below shows the resulting secant line slope for
X_

several values of x...letting Q approach (1,1) from the right.

2
X m= x -1
x-1
15 2.5
1.1 2.1
1.01 2.01
1.001 2.001

Notice that as Q gets closer and closer to the point (1,1) from the right, the slope of the secant line gets
closer and closer to 2.

The slope of the secant as Q approachs (1,1) from the left is shown below.

2
X m= x-1
x-1
5 15
9 19
.99 1.99
.999 1.999

As Q gets closer and closer to the point (1,1) from the left, the slope of the secant line again gets closer
and closer to 2.
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Since we have approached (1,1) from both the left and right, we can say that as Q gets closer to the point
(1,1, the slope of the secant line approaches 2.

In essence what we are saying isthat as Q gets closer to (1,1) , the tangent a (1,1) and the secant line
through (1,1) get closer to becoming the same line. Since the slope of thisline is 2 (or so we estimate),
the equation of the tangent becomes y- 1=2(x- 1).

Approximating a tangent given atable of function values

Many times we will not be given a function in algebraic form. Instead we will be given a selection of
function values in table form. Consider the following function.

x | 00] 01]02]03] 04] 05
f(x) | 3.86 | 3.71 | 3.40 | 3.02 | 2.35 | 1.46

Again, we want to write an equation of a tangent—this time at the point (0.2,3.40) . We cannot use the

same procedure we used in the previous problem because we do not have the actual function in algebraic
form—so we cannot write an expression for the slope of a secant.

We have our point, what we need is the slope—or at least an approximation of the slope. Inthis

situation, we have three choices.

Choice 1: We can find the slope of the secant line that passes through the point (0.2,3.40) and the point
just to the left of it, (0.1, 3.71). Since the point (0.1, 3.71) is close to the point where we
want our tangent, we can use the slope of the secant as an approximation for the slope of the
tangent. The slope of this secant lineis - 3.1. Thuswe can say that the slope of the tangent
at (0.2,3.40) isapproximately - 3.1. Our tangent lineisthen y- 3.40=-3.1(x- 0.2).

Choice 2: We can find the slope of the secant line that passes through the point (0.2,3.40) and the point

just to the right of it, (0.3, 3.02). Since the point (0.3, 3.02) is close to the point where we
want our tangent, we can use the slope of the secant as an approximation for the slope of the
tangent. The slope of this secant lineis - 3.8. Thus we can say that the slope of the tangent
at (0.2,3.40) isapproximately - 3.8. Our tangent lineisthen y- 3.40=-3.8(x- 0.2).

Choice 3: We can use what is called the "symmetric difference”. Inthis case, we use the slope of the
secant through the points on either side of (0.2,3.40) as an approximation for the slope of
our tangent line. The slope of this secant, passing through (0.1, 3.71) and (0.3, 3.02), is
-3.450. Our tangent line becomes y- 3.40=- 3.45(x- 0.2).

Any of these three lines would serve as an approximation of the tangent line at (0.2, 3.40)
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Velocity and the secant line/tangent line

change in position

changeintime
consider the graph of a position function s(t), the average velocity over an interval is the slope of the
secant line passing through the endpoints of the interval. In the diagram below, the graph of a position
function s(t) =-0.3t* +t +1 isgiven. The distance units are feet and the time units are seconds. The
average velocity on the interval [2.0,3.5] can be calculated by finding the slope of the secant line
through (2.0,1.800) and (3.5,0.825)

Average velocity over an interval of time is given by . Itisarateof change. If we

1.800

.825

[ T 20 T 35 T \

The slope of the secant lineis - 0.65 and so the average velocity on [2.0,3.5] is - 0.65 feet per second.

What may be more interesting to know isthe velocity at t =2.0. The velocity of an object at a specific
value of t is called the instantaneous velocity—instantaneous rates of change will be one of the central
concepts of this course.

To estimate the instantaneous velocity of the object a t = 2.0, we will consider shorter and shorter time
change in position or s(t,) - s(t,)
changein time t,- t,

- 2 -
calculate average velocities for our problem by using v, = (-0 :t ;2 1.800

and the 1.800 is s(t;). The table below shows average velocities for shorter and shorter time intervals
(al starting with t =2.0).

intervals. Since the average velocity is calculated by , We can

wherethe 2.0ist;




(-0.3 +t+1)- 1.800

t- 2.0

[2.0, 3.5] - 0.650
[2.0, 3.0] - 0.500
[2.0, 2.5] - 0.350
[2.0,2.3] -0.290
[2.0, 2.1] -0.230
[2.0, 2.01] -0.203
[2.0, 2.001] -0.200

Tangents and the Ve ocity Problem

We can now say that areasonable estimate of the instantaneous velocity a t =2.0 is - 0.200.

We've done quite a bit of estimating in this section. Estimation and approximation are recurring themes
inthis course. Using the slope of a secant to estimate the slope of atangent is something we will do
quite often. Keep in mind that the slope of a secant is a measure of the average rate of change in a
function and the slope of atangent is a measure of the instantaneous rate of change. We will, of course,
move beyond estimations and will be able to determine the exact dope of atangent to a curve at any
point—with relative ease. We will also see that finding instantaneous velocity and finding the slope of a
tangent are actually the same problem. In order to go beyond estimating the slope of a tangent, we will
need something called the "derivative". The derivative isalimit...so that will be our next
step...learning out how to find the limit of a function.
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The Limit of a Function

Introduction

We will study two basic types of limits. The first, and the topic of this section, describes the behavior of
afunction as the independent variable approaches a specific number. By convention, the independent
variable we normally use is x, so we will refer to these types of limitsas"limitsas x® a". The
notation x® a isread "x approaches a". The second type of limit describes the behavior of a function
as the independent variable increases or decreases without bound. We will refer to these limits as
"limitsas x® +¥ " or "limits at infinity". Inthissection we will study limitsas x® a. The other
category, limits at infinity, will come later.

If we want to ask the question, "What happensto the function f(x) as x® a?' we use the following
notation: Ii®m f (X). When we approach a number, we must approach from both the left and the right. If
we are approaching from the right, the limit is called aright-hand limit. If, for instance, we are

approaching x =5 from the right, we would find the value of the function for x values like 5.200, 5.100,
5.010, 5.001 and so on. A right-hand limit isdenoted lim f(x). Similarly, aleft-hand limit is denoted
x® a*

lim f (x) and we would use values of x like 4.800, 4.900, 4.990, and 4.999.

X® a’

When we attempt to find a limit, we must approach a from both directions and the right-hand limit must
be equal to the left-hand limit for the limit to exist.

lim f(x) =L if andonly if lim f(x) = lim f (x) =L
x® a* x® a’

X® a

Finding limitsfrom graphs

Consider the following diagram of a function f.
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Note that as x gets closer and closer to 4 from the right, the value of the function approaches 2. Asx
gets closer and closer to 4 from the left, the value of the function also approaches 2. Since |(I@rl1 f(x)=2

and lim f(x)=2 wecansay limf(x) =2.
X® 4 X® 4

Y ou may be asking, "Why not just find f (4) ? After al f(4)=2." Toanswer this, let'slook at another
function.

)
e

The first thing to noteisthat f(2) =6. Ontheother hand lim f(x) =4 and lim f(x) =4. This means
x® 2* x® 2

that I|®n; f(x) =4. Thisisavery important lesson...finding alimit is NOT the same as finding a

function value! On occasion, the two will be the same. If they are the same it will mean something
important—but that comes later. For now it isvital that you understand that alimit and a function value
are not the same thing. As a matter of fact, afunction doesn't even have to exist at a particular number
to have alimit at that number. Below isthe graph of afunction f.

Notice that f (7) doesnot exist but I|®n; f(x)=4.

Consider the following graph. This situation illustrates that left- and right-hand limits are not aways the
same.
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The Limit of a Function

N
4 N

For this piecewise function, lim f(x) =4 but lim f(x) =6 therefore Ii®rgf(x) does not exist.
x® 7* x®7 X

Finding limits when given an algebraic expression

As you will soon know, there are very simple techniques for determining the limit of a function when
the function is given to us algebraically. For now, to find alimit asx ® awe will evaluate the

expression at x valuesthat are increasingly close to, but never equal to, a. Remember, we must approach
a from both the left and the right!

Consider the following limit: Iig} x2 11 Notice first that the expression does not exist a x=1. Thisis
X X -
of no concern to us because finding a limit at a number has little to do with finding a function value at a
number. The table below shows the value of Xz 11at several values of x approaching x =1 fromthe
right and left.
From right From left
X x-1 X x-1
xX*-1 xX*-1
1.500 0.400 0.500 0.667
1.300 0.453 0.800 0.556
1.100 0.476 0.900 0.526
1.010 0.498 0.990 0.503
1.001 0.500 0.999 0.500
From the chartsit appearsthat lim XZ 1 =0.500 and lim XZ 1 =0.500 and therefore we will say
x®1 X% - 1 x®1T X -1
im="1 =0.500
x®1 x° -1
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The Limit of a Function

Y ou need to understand that we are actually estimating here. It appears from the charts that

li m Xz 11 =0.500 and for now that'sthe best we can do. Also, we are not saying that at

X X -

X=1 XZ 11: .500. That would not be correct. All we are saying isthat as x gets closer and closer to 1,
X -

the value of the expression gets closer to 0.500.

Estimating a limit using tables has its limitations—it doesn't work nicely for some functions. Let'stry to

estimate Iimgsingg using tables of values.
X® 0 x H

From right From left
X sin? X sin?
X X
0.500 0.000 -0.500 0.000
0.300 0.866 -0.300 0.866
0.118 1 -0.118 -1
0.100 0.000 -0.100 0.000
0.010 0.000 -0.010 0.000
0.009 -1 -0.009 1
0.001 0.000 -0.001 0.000

The values of the expression do not appear to nicely approach any particular value and so our chartstell

usvery little. Infact, f(x)=sinB is arather fascinating function for which I|®ng§%| BS does not exist.
X X

Xg
The graph of f onthe interval [-1,1] is shown below.
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The Limit of a Function

Again, the graph of f, but this time on the interval [ 0.100, 0.100] :

|| MWM |
L LY

One more time (since it's so crazy!)...thistime on [- 0.01, 0.01].

JM Iid H HM yH“J
i ’ U

This function oscillates wildly between - 1 and 1 and in fact has an infinite number of zeros!

OK...back to work.
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The Limit of a Function

We will see averitable host of piecewise functions this year. When taking the limit of a piecewise
function, we need to pay close attention to where the limit is being taken and where each piece is
i0if t<O
defined. Consider v(t) = :'1 !f (30" Let'stry to find It|®rg v(t) . Wewill need to find both the left- and
Tli
right-hand limits. When we approach zero from the right, we will use the bottom piece and when
approaching from the left we will use the top piece. Now, limv(t) =1 but limv(t) =0 so li ggv(t) does
t® 0" t®0 X

not exist. Notice though, if we were asked to find I|®n; v(t) we would use the bottom piece when

approaching from either direction and Iti®n71v(t) =1.

Non-existent limits

We've already seen several cases where a limit can fail to exist. In most of the previous examples,
when alimit failed to exist, it did so because the left- and right-hand limits were not equal. Thisis not

the only situation in which a limit can fail to exist. Let'stakealook at f (x) = 1 and the limit of f as
X

X® 0. Thegraph of fisshown below.

As x® 07, the function values increase without bound. We say the function "blows up". Since the

function takes on larger and larger function values, it literally has no bound—no limit. We denotethis

by lim f(x) =¥ . Stating lim f (x) =¥ isthe same as saying the limit does not exist. By stating " =¥ "
x® 0* x® 0*

we are simply giving the reader additional information about how the limit failsto exist. 1f we approach

zero from the left we obtain lim f (x) =-¥ . This means that as we approach zero from the left, the
X® 0

function values decrease without bound—the function "blows down". Again, the limit fails to exist.

The limit I|®ng f (x) then failsto exist not because the left- and right-hand limits were not equal but

because the individual limits from each side failed to exist. Let's alter the problem just alittle and
consider one last example.
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and the limit Iig}f(x). Its graph is show below.

1k

Now, lim f(x) =1 and lim f(x) =-¥ . This means that Iig}f(x)doesnot exist. Again, it failsto exist
x®1* x®1 X

not because the left- and right-hand limits are not equal, but because the left-handed limit itself does not
exist.

There are then two instances in which alimit can fail to exist. It can fail to exist because the left- and
right-hand limits are not equal, or it can fail to exist because either the left- or right-hand limit failsto
exist.

Note: In mathematics we commonly use the symbol $ to denote "does not exist" or "failsto exist".

Vertical asymptotes

Y ou may have noticed already that whenever we have a limit that increases or decreases without bound
(blows up or down) as x® a, we have avertical asymptote. Infact, thisisthe definition of a vertical

asymptote.

The function f has a vertical asymptote a x = aif and only if
f(X) ® +¥ as x® afromthe left or the right.

We must use limitsto find vertical asymptotes. A very common error for students to make is assuming
that because afunction failsto exist at a point, it must have a vertical asymptote there. Consider the

2

function f(x) = X 3 The graph of f is shown below.
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/

/ 3

f doesnot exist a x =3 but Iig; f(x) =6. And clearly, there is no vertical asymptoteat x=3. Instead

thereisjust a"hole" in the graph. Thisiswhy it isimportant to show that the limit of f (x) failsto exist
as x® afromthe left or right.

Summary

Here are some of the important items to remember from this section:
imf(x)=L onlyif lim f(x)=1Iim f(x)=L.
x® a x® a* x® a’
A function does not haveto exist at x=ato havealimit as x® a.

Finding the value of a function at a point, and finding the value of the limit at the same point
are not the same thing.



Limit Theorems

Introduction

We discovered in the previous section that we could answer questions about limits if we are given the
graph of afunction. When given an algebraic expression or afunction in algebraic form, all we have
been able to thus far is estimate a limit—normally using atable. In this section we will learn methods to
find the exact value of a limit when presented with an algebraic expression or function. Asinthe

previous section, we will be addressing only limitsas x® a, limitsat infinity (x® ¥ ) will come
later.

Howtofind alimitas x® a

Before we discuss the technique we actually useto find alimit as x® a, we need to remind ourselves
that finding a limit isNOT the same as finding a function value. That being said, the first step in finding
the limit of an expression isto "plug" the a into the expression. The next step depends on what happens
asaresult of "plugging ina." The table below summarizes the procedure.

Result of replacing the x'swith What theresult means What to do next
as
aconstant, k the limit of the expression isk we're finished
. . .0 - rationalize the numerator,
an indeterminant resuilt like 0 weare not finished factor, or use L'Hopital's Rule*

for some problems we are
finished...for other problems we
will need to find left- and right-
hand limits to determine the
behavior of the expression close

an undefined expression < the limit does not exist

to a
*We will learn L'Hopital's Rule later on, after we know how to differentiate.
Example 1
Find lim(3x+2).
X® 5
lim(3x+2) =17 (1)

Let's be clear about what we are saying here. We are not saying that 3 times 5 plus 2 equals 17.
Although thisistrue, it is not the meaning of the limit statement. All we are saying isthat as x gets
closer and closer to 5, the value of the expression 3x + 2 gets closer and closer to 17. Thisisan
important distinction. It is so important that when you do limit problems, we never want to make it look
like we calculated a function value! Do all your arithmetic on a separate piece of scratch paper and
simply write the result. All the work you need to show is (1).
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Example 2
Find lim>X=3.
x®3 xX+5
im*3=0 @)
x®3 xX+5
: . . . X-3_3-3_0_
Again, al calculations are done out of view. We would not want to write im——=——=—=0

@3x+5 3+5 8
because this makes it look like we're finding the value of the expression at x =3. The problem is asking

us to determine what value XTg approaches as x approaches, but never equals 3. All the work you
X

need to show is (2).

Example 3

2
Find lim>2
x®3 X - 3

2_ -
lim X9 = i XX 3
x®3 Y- 3 x® 3 X - 3

=le(gr;(x+3)

=6

Notice that al the algebra steps are shown, but once again there is no indication that we ever found the
[imit by finding the value of any expression.

This might be a good time to address when we can and when we cannot reduce common factors.

x*-9

Consider the function f(x) = 3" We canrewritef as f(x) :&():3) but we cannot reduce the

x*-9  (x-3)(x+3
x-3 X- 3
domains, they are different functions. The original f, with the x- 3 in the denominator does not exist at
x=3. Onthe other hand, the function f(x) = x+3 doesexist a x=3 and thusisadifferent function.

common factor x- 3and say f(x) = =x+3. If two functions have different

When we take a limit however, we are allowed to reduce the common factors. This is because when we
take the limit, we are letting x approach 3 but never letting it equal 3. Since x never equals 3, we are not
dividing by zero.
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Example 4
Find |im‘&' 3.
xX®9 X - 9

The result of substituting 9 for x is % which means we are not finished.
We will find the limit in two ways, first by rationalizing the numerator, then by factoring.
im Y% 32 X3 Vx+3

x®9 X-9 x®a x-9 .\/;.4.3
X-9

Example5
Find Iimi
x®-7X+ 7

The result of substituting - 7 for the xis % which means the limit does not exist. At this point we could

More often than not, we want to tell the reader how the function behavesas x® - 7. To do this, we
will find left- and right-hand limits. First, think of a number just to the right of - 7, like - 6.999. If we
substituted - 6.999 for x, the numerator would be positive and the denominator would be positive, thus

[im i:+¥
x®-7" X+ 7

47



Limit Theorems
Now think of anumber just to the left of - 7, like - 7.001. If we substitute - 7.001 for the x, the
numerator is positive but the denominator is negative thus

A complete solution to this problem should look like this:

Iimiﬁ but lim i:+¥ and

. 1
lim ——=-¥.
x®-7X+7 x®-7" X+ 7

x®-7" X+ 7

Again, all calculations were done on scratch paper to avoid the appearance of finding the value of the
expression as opposed to finding the limit. You do not have to include a graph, but the graph of

f(x)= %7 is shown below to demonstrate the behavior of the functionas x® - 7.
X

Limits of piecewise functions

Whenever faced with a piecewise function or a function involving absolute value, we must begin the
problem by finding both left- and right-hand limits.

Example 6

Given f(x) = VX 41T X>4 Griim ().
18- 2x if x<4 x® 4

Notethat f does not exist at x =4 but remember that it is not necessary for afunction to exist a ato
havealimit as x® a. To find the limit from the right, we need to use the top piece because we are
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approaching 4 from values of x which are slightly greater than 4. To find the limit from the left we will
use the bottom piece. Thework shown below is exactly how you would present your solution!

f(x)_i'x/x-4 if x>4
+8- 2x if x<4

Since lim f(x)=0 and lim f(x) =0, limf(x)=0.
x® 4* x® 4 x® 4

Example 7
Given ()= VX 3T X4 G limf(x).
18- 2x if x<4 x® 4
f(x)_"[\/x- 3if x>4
+8- 2x if x<4
Since lim f(x) =1 but lim f(x)=0, lim f(x) £.
x® 4* x® 4 x® 4
Example 8

Given f(x) =[x- 2|, find lim f ().

All functions that involve absolute value are actually piecewise functions! To work with these functions
we must first rewrite them as piecewise functions. To do this, first determine where the function
"breaks" by setting the expression inside the absolute value equal to zero. For our problem, the function
can be rewritten as

ix-2if x32

f(x)=
o }Z-Xif X<2

Now, since lim f(x) =0 and lim f(x)=0, limf(x) =0.
x® 2* x® 2 X® 2
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Limit Theorems

Most of the theorems that apply to limits are intuitive in nature and so their proofs will not be shown.
We have actually used many of these theorems in the previous examples. We list them here for

reference.

lim[f (x) +g (] =lim f(x) +lim g(x)

The limit of asum is the sum of the limits.

lim[f () - g()] =lim f(x) - limg(x)

The limit of adifference isthe difference of the limits.

Ii®mcf (x) = cli®m f (X) where c is aconstant.
X® a X® a

Constants can be "brought outside’ the limit statement.

Example: lim8x® =8limx®
X® 2 x® 2
lim[ F(x)g(] =lim f(x) - lim g(x)
Thelimit of aproduct is the product of the limits.
5 [ 2 —limy2 i _
Example: le®rq[x (8x- 2)] —IX|®rr41x -le®rq(8x 2)

lim £ (x)
imt ) _xea " \here limg(x)? 0
x® a g(x) ||®m g(x) X® a

The limit of aquotient is the quotient of the limits.

. n_ @ l:ln

il £091" = gim f (9
. .3
- i 3:e' u
Example: Ll@mg(7+4x) él(l@r_ng(7+4x)rJ

This theorem also holds for rational exponents.

Ii®m[c] =c where c is a constant.
X® a

Example: lim8=8
X® -3

lim 1 (9(x) = f (limg(x))

Example: lim[sin6x] :sin(lim6x)
x® 0 x® 0
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Limits of trigonometric functions

We will use only two theorems to find limits involving the trigonometric functions.

. SinX
lIim——=
X® 0 X

The proof of the second makes use of the first...and the proof of the first makes use of a theorem known
as the Squeeze Theorem or Sandwich Theorem. The proof of the Squeeze Theorem is "beyond the
scope of this course”" and so we present it here without proof.

If f(x)£ g(x)£ h(x) for al x in an open interval that contains a
and
limf(x)=L and Ii®mh(x): L

X® a

then Ii®m g(x) = L.

The Squeeze Theorem basically tells usthat if the value of afunction g(x) always lies between the
value of two other functions f (x) and h(x), and if f and h both approach the same number as x® a,
then g must also approach that same number as x® a.

We will now prove that Ii®ngﬂ =1. Consider the diagram below.
x®0 X

sina

O cosa A B
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The diagram shows the portion of the unit circle in the first quadrant and thus the distance from O to A is
cosa and thedistance fromAtoPis sina .

Let'sfirst find the coordinates of point T—we'll need them to describe several distances on the diagram.
The coordinates of P are (cosa,sina), thus the equation of the line passing through P and the origin is

__ sina
y_-aEa

x. Sincethe circle isthe unit circle, the x-coordinate of T is1. Substituting x =1 into the
sina
cosa

eguation for the line yields the y-coordinate of T, namely . Therefore the coordinates of T are

o)

Here's the relationship that will set up our proof. Notice that the area of triangle BOP is less than the
area of the sector of the unit circle BOP which isin turn less than the area of triangle BOT.

The area of triangle BOP is %sina ...just one-half the base (1) times the height (sina ).

The area of the sector BOP is %a ...the area of a sector being %rza (r=1).

1 sina

The area of triangle BOT is s .one-half the base (1) times the height (the y-coordinate of T ).

We can now write
1. 1 1 sina
- <~_g <=
Zsma 26l 2 cosa

Multiplying through by 2 yields

sina

cosa

Now divide through by sina (which is positive in quadrant one so the inequalities are unchanged).

a 1
<

sna cosa
We will now takethe reciprocal of each term. Aswe do this, we have to reverse the direction of the
inequalities.

sina <a <

1<

sna
1> > cosa

Rewriting the inequality as a"less than" statement yields
sna
<
a
Using the procedure outlined in the table at the beginning of this section we see that

limcosa =1 and liml1=1
a®0 a®0

cosa < 1

Therefore, by the Squeeze Theorem,
sna

lim——=1
a®0 g

. SinXx
lim——=1
X® 0 X
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The basic tactic in finding limits that involve the sine function is to make parts of the expression you are
working with look like the theorem. Keep in mind that x could be anything, so the theorem can be used

to state Iimsm8x:1. Notethat as x® 0, 8Xx® 0 so we can write Iimsm8X=1.
8x®0 8x x®0  8X
Example 9
Find lim30.7%
x®0 2%
Sin7Xx
lim SN7X _ jim7X
x®0 X Xx® 0 Q
X
i sin7x B
x®0  7X 22X
._sin7x .. 7x
=lim lim—

In the second to the last step, since x is approaching zero and never equaling zero, we are allowed to

reducethe X'sin B to 1.
2X

Example 10

Find lim—
x®0 g N 9x
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Example 11

=2
Find lim 313X
x®0 18%°

. 8n?3x .. sin3x sn3x 1
lim —=lim : =
x®0 18X x®0  3x 3 2

N

Now that we have a limit theorem that allows us to work with functions involving the sine function, we

need one for cosine.

. . 1- cosx
Consider lim
X® 0 X

. 1-cosx ,. 1-cosx 1+cosx
lim =lim )
x® 0 X x®0 X 1+ cosx
. 1- cos’ X
=lim

x®0 X(1+ CcosX)

. sin® x
=lim——
x®0 X(1+ CcosX)
. ésnx Snx u
=lim . P
008 x  1+cosxH
=1.0
=0

Example 12

Find ljm1_coS#X
X® 0 X

4x
—im &L Cos4x  4xu
®08  4x x H
=0.-4
=0

Let's finish up with one last item. The first sep you should always take in finding a limit, whether or

not it involves a trigonometric function, isto substitute the a for the x and see what happens. For

example, finding lim (sin7x) does not require the same procedures used in the last few examples. I you



Limit Theorems

substitute O in for the x, the result is sSin0=0 0 Ii®ng(sin7x) =0. Theonly time you will need to resort

to the trigonometric limit theorems we just discussed is when, after substituting a for x, you get a % :
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The Formal Definition of Limit

Introduction

The concept of limit lies at the very core of calculus. To understand calculus we must first understand
what alimit is...what it means for a function to have alimit. Now, we would expect that such a central
concept would have been well developed first, laying a foundation for al that followed. This however,
was not the case. Although the invention of calculus occurred around 1690 or so, aformal, rigorous
definition of limit did not exist until around 1845! For almost 200 years, mathematicians pushed ahead,
extending calculus and its applications without areal foundation for its most central concept. In fact,
there were mathematicians (Rolle, Berkley, etc.) who were vehemently opposed to the continued study
of calculus until it could be put on rigorous foundations. The basic problem can be found in an

fx+h)- f(x). Consider the

expression you'’ ve already seen repeatedly the past several years... o

function f(x) =x*. If f(x)=x*,then
f(x+h)- f(x) _(x+h)?-x
h - h

X +2xh+h*- X2

- h

_h(2x+h)

"~ h
Now, aslong as the h is not equal to zero we can simplify the expressionto 2x+h. Here'swhere the

problem reared its ugly head. Mathematicians working with calculus had developed a concept called the
“derivative’. (We will spend agreat deal of time with derivatives very soon!) Now, everyone who was

doing calculus “knew” the derivative of x* was 2x and they knew how to get it. They applied the
f(x+h)- f(x) h(2x +h)

famous quotient to x*. But how to get from

to 2x...that was the problem.

If the h is not zero, then you can reduce the expressionto 2x +h. However, to get from 2x + h to 2x,

they had to let h=0! And they did. Their argument went something like this”...well...you see...up

here at the start the h is never zero but in the final step it is!” You can see how this argument, given by

some very powerful mathematicians would cause some controversy. Eventually Karl Wierstrauss,

extending the work of Louis Cauchy, developed the modern definition of limit. This definition allows

f(x+h)- f(x)
h

us to get around having to explain how the h in the quotient is at one point never equal

to zero but inthe end, really is zero. George Berkeley (1685-1753), one of calculus' detractors, referred
to the h as a“ghost of a departing quantity”.
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A verbal definition of limit

Before we move on to amore precise definition of limit, let’s state the definition in more informal,
verbal terms.

The limit, as x approaches a, of a function f is equal to L if we can make the values of
the function as close to L as we want by choosing inputs, X's, sufficiently close to but
never equal to a.

Consider the function f(x) =2x+1. If we say Ii(gg f(x) =7, we are saying that we can make the

function values as close to 7 as we want by choosing X' s close enough to 3. It’s like someone saying to
us, “I want the value of f(x) =2x+1 to be within .500 units of 7. Can you tell me how closeto x=3 |
should choose my inputs?’ Of course we answer them. The largest function value the person wantsis
7.500 and the smallest value is 6.500. Let’s set both of these values equal to 2x+1 and solve for x.

7500=2x+1 6.500=2x+1
6.500 = 2x and 5.500=2x
x=3.250 x=2.750

Since 3.250 is.250 units from 3 and 2.750 is .250 units from 3, if we choose inputsthat are all within
250 units of x = 3, the function values will always be within .500 units of 7.

Now suppose they ask, “Ok, but now | want all my function valuesto be within .100 units of 7. Can you
tell me how closeto x =3 | should choose my inputs?” We could easily answer them by repeating the
calculation above with function values of 7.100 and 6.900.

In fact, we can always find an appropriate range for the inputsthat will keep the function value as close
to 7 aswewant. Thisisexactly what Ii(gg(Zx +1) = 7 means.

In order to make the rest of the discussion clearer, we will now introduce some very important notation.
In the above example, when the person said they wanted all the function values to be within .500 units
of 7, they wanted all the function valuesto be in the interval [6.500, 7.500]. The .500 isadistance...a
distance from the function value 7. We call such a distance e (epsilon). When we finished our
calculations and told them they should stay within .025 units of 3. All in inputs must be in the interval
[2.750,3.250]. ]. Thisdistance, .025, from 3 where we must choose all inputsis called a d (delta).

The formal definition of limit

In the formal definition of limit, inequalities are used to describe the distances epsilon and delta. Let’s
consider the simple inequality |x- 3 <4. Using the definition of absolute value, we can say
X-3<4 and x- 3>-4
x<7and x>-1
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The solution to this inequality can be written - 1< x< 7. Notice that the midpoint of the interval (- 1,7)
is3. Thisdistance from- 1to 3is4 and the distance from 7 to 3 is4. In other words, the inequality
|- 3 <4 describesall the x'sthat are within 4 units of 3. Similarly, the inequality |x- 5| <2 describes

all the X’ sthat are within 2 units of 5.

In our original problem, the person wanted all the function values to be within .500 unitsof 7. A very
efficient way to statethis to use the inequality | f (x) - 7| <.500. Thisinequality describes all the

function values that are within .500 units of 7—just what they asked for!

When we said that all of the inputs must be within .025 units of 3, we could have used the inequality
|x- 3 <.025. Thisinequality describes all the X’ sthat are within .025 units of 3.

Remember, epsilon isthe distance from L within which we want all of our function values. This
relationship can be precisely and elegantly stated with the inequality | f (X) - L|<e. Thisinequality
clearly describes all the function values that are within e units of L.

Delta was the distance from a within which we had to choose all of our inputs. Again, thisrelationship
can be stated with |x- a| <d . Thisinequality describes all the x'sthat are within d units of a.

We're now ready for aformal definition of limit.

Definition of Limit
Ii®m f(x) =Listrueif
for any e >0, thereexistsa d >0 such that whenever |x- a| <d then
|f(x)- L|<e.

We can clean it up further by using several common mathematical symbols. “ $” is mathematics
shorthand for “there exists’. “" ” means “for any” or “for all”. The symbol “® ” isused in place of the
words “implies’ or “leadsto” and the symbol "' " means "such that"

Definition of Limit

Ii®mf(x):Listrueif "e>0%$d>0"

whenever |x- g <d ® |f(x)- L|<e.

The delta and epsilon are both distances and cannot be negative. This iswhy the definition contains the
"e>0" and "d >0". If we can find adeltafor any epsilon, the limit statement istrue.
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It is hard to emphasize enough the importance of this definition. Itsinvention by Karl Weierstrass
(1815-1897) finally put calculus on solid, rigorous foundations. Without it, the entire subject is a house
of cards. It isthe central tenant of calculus.

Working with the definition

There are two types of problems we face which directly involve the definition of limit. In one problem,
we are given alimit statement we aretold istrueand an e . Our task isto find an appropriate d . The
second type of problem is proving limit statements. We are given a limit statement and asked to prove
it.

Example 1

For e =.010, find an appropriate d such that Ii(gr;(Zx- 1D =5 istrue.

To find the delta, we will apply the definition of limit.
For e =.01 weneed to findad >0 such that whenever |x- 3 <d ® |(2x- 1)- 5 <.010

We proceed by working with the inequality |(2x - 1) - § <.010.
|(2x- 1)- 5/<.010
|2x- 6 <.010
2|x- 3<.010
|x- 3 <.005
Consider now what we have. Wewanted |x- 3 <d and we now know that |x- 3 <.005!
We therefore choose d £.005
So what exactly have we done here? We' ve shown that if we stay within .005 units of 3, all the function
values will be within .010 of 5.
Y ou might be wondering why we choose d £.005 and not d =.005. Weuse“ £” because if adelta of

.005 works, then any delta smaller than .005 will work. The diagram below shows both the delta and
epsilon.

5.010

e /
4.990

d d

/ 2995 3 3.005
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Example 2

For e =.020, find an appropriate d such that I(i@mz(Sx +1) =-9 istrue.

For e =.020 we need to find a d > 0such that whenever |x+2|<d ® |(5x+1)+9<.020.
[x+2/<d ® |(5x+1)+9<.020
[5x +10| <.020
5|x+2<.020

|x + 2| <.004
Therefore we choose d £.004.

Thus far, all the functions we have used have been linear. In the next example we will use a non-linear
function. Before we do s0, we need to know just one more thing about delta. By convention, we never
give adeltathat is greater than one. It's a matter of keeping thingstidy. Even if we are given a huge
epsilon which algebraically generates a delta larger than one, we would choose deltato be less than or
equal to one, not something larger than one.

Example 3

For e =.100, find an appropriate d such that Ii(rgr;(x2 - 2x+1) =4 istrue.

For e =.100, we need to find ad >0 such that whenever |x- 3<d ® |(x2- 2x+1) - 4|<.100.
- 3<d ® |(x*- 2x+1)- 4/<.100
|x2 - 2X- #<.1OO
|(x- 3)(x+1)| <.100
|x- 3|x+1|<.100
100
X-J<—
N
Notice that what we would normally choose to be delta at this point is dependent on x. We cannot
choose such adelta. However, we know that we will never give a delta greater than one so no matter

what x we use an input, it will always be in the interval (2,4)—the interval one unit to the left and right
of x=3. We proceed by considering the interval (2,4).

Consider (2,4).
If x=2® .100 :.100
Ix+1] 3
If x=4® .100 :.100
x+1] 5
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We therefore choose d £ % (Because it is the smaller of the two choices.)

We will now move on to the second type of delta-epsilon problem, proving limit statements. We do
them in much the same way we did problems in which we found an appropriate delta for a given epsilon.
The basic difference is that we must show that there is a delta for any epsilon, not just a particular
epsilon.

Example 4

Prove Ixi®ng(3x+ 2)=20
For " e >0 we need to show that there existsad >0 "' whenever
x- 6/<d ® |(3x+2)- 20/ <e
3x- 18/ <e
3x- 6]<e

|x- 6|<S
3

Therefore, choose d = min{],%}
" choose d = min{],%} ” means that, depending on what e is, we always choose the smaller of 1 or €

If someone were to give us an epsilon of 15, then %z 5 but wedo not want d >1 soif e =15, we

would respond with d =1.

Example5

Prove Ig@ml(xz- 5x+1) =7
For " e >0 we need to show that there existsad >0 "' whenever
x+1<d ® |(x*- 5x+1)- 7| <e
|x2- 5X- 6|<e
x+1jx- 6<e
e
[x- 6]
Consider theinterval (-2,0).

[+

If x=-2® -
|X 6 8

If x=0® -
|x 6| 6

Therefore choose d = mm{],%}
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Introduction

The meaning of the term continuity in mathematics has much the same connotation as it doesin
everyday usage. It implies a smoothly changing phenomenon—something that does not change abruptly
or stop and then start again. Calculus was invented in part to answer questions about continuous
phenomena so it makes sense that continuity isavery important concept to us. Many of the theorems
we encounter will only hold for functions that are continuous on a particular interval.

We will study two types of continuity...continuity at a number and continuity on an interval.

Continuity at a number

To establish a definition of continuity at a number we will examine several different functions. We will

study each function at a particular number by finding a function value (if there is one) and the limit of
2 - -
the function at the number (if thereisalimit). First, consider the function f (x) :X—X22 ax=2.

The graph of f is given below.

/

Notethat f(x)$ at x=2 but I|®n; f (x) =3. Herewe have afunction that has a limit but no function

value at the number in question. We concludethat fisnot continuousat x=2.
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Let's change the function just alittle and perform the same analysis. Let
IX%-x-2
f0=t x-2
b4 if x=2

if xt2
The graph of f is shown below.

/

Now we can seethat f(2) =4 but I|®n; f (x) =3. Eventhough f has both a function value and a limit at

x=2,wedill say that f isnot continuousat x=2.

TR
"X O.Thegraphoffisgivenbelow.

if x=0

N
7

f

Consider the function f(x) =

P ><,\,||—\

Clearly f(0)=1 but Ii(grg f(x) $. (Aswe approach zero from the right the function values increase

without bound. We cannot approach zero from the left because f is not defined for any x<0.) Unlike
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the previous two functions, here we have a situation where f has a function value at the number in
guestion ( x =0) but has no limit there. We conclude that f is not continuousat x=0.

Let's consider one more function, f(x) =|x- 2| at x=2.

2

For this function, f(2)=0 and I|®n; f(x) =0. Thisisthe only function we have considered in which

both the function value and the limit at the number in question were equal. We say that f is continuous
a x=2.

Now, it is never agood idea to generalize from a handful of examples but it would appear that for a
function to be continuous at a number, the function must exist a the number, the function must have a
limit at the number and both the function value and limit must be equal. Infact, thisis the definition of
continuity at a number.

Definition of continuity of afunctionat x =a

A function f iscontinuous a x = aif and only if
i. f(a) exists
ii. Ii®mf(x) exists

i f(2)=limf(x)

Example 1

X2 -

Determineif f(x) = > iscontinuousat x=5.

Continuity test at x=5
Since f(5) %, fisnot continuousat x=5.

Notice that continuity tests can be quite simple—especially if f (a)failsto exist!
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Example 2

1 x°-25 T
Determine if f(x)::' X-5 iscontinuousat x=5.
{7 if x=5

Continuity test at x=5

f(5) =7 but Ii(gr;f(x):lo. Since f(5)* Ii(gr;f(x) f isnot continuousat x=5.

Please note acommon student error. The statement " f (5) =7 but i im f (x) =10therefore f is not

continuous a x =5" does not tell the reader explicitly that the student knows why f is not continuous.
Please make sure you always use the definition explicitly and tell the reader exactly why a functionis
not continuous. In this case we need to clearly state "Since f (5) ! i im f (X), fis not continuous at

x=5." I know it sounds picky but that's just the way we have to do it.

Example 3
o i3x-4if XxX£2 . )
Determineif f(x)=7 , ) iscontinuousat x=2.
TX 41 if x>2
Continuity test at x =2
f(2)=2
lim f(x)=5 but lim f(x) =2 therefore lim f (x) $
x® 2* x® 2 x® 2
Since Ii®n; f(x) $,fisnot continuousat x=2.
Example 4
1X-25 4 1 g
If g()=1 x-5 , for what value of b will g be continuous at x =57
f b if x=5

Continuity test at x =5
g®)=b

Tofind li im g(x), we need only consider the "top" piece.

limg(x) =10

For gto be continuousat x=5, g(5) =li im g(x) , therefore
b=10
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Removable vs. essential discontinuities

Not all discontinuities are created equal. Some of them can be "removed" by redefining the original
function while others are "essential” to the function and cannot be removed.

A discontinuity at x =a iscalled removable if Ii®m f(X) exigts.

A discontinuity at x = aiscalled essential if Ii®mf(x) does not exist.

Example5

2_
Determine if f (x) = X2

iscontinuousat x=2. If discontinuous, determine if the discontinuity is

removable or essential. If removable, redefine f so that it is continuousat x=2.

Continuity test at x =2
Since f(2) $, fisdiscontinuousat x=2.

Removable or essential
Since I|®n; f (x) =4, the limit exists and therefore the discontinuity is removable.

Redefining f

X4 g
f()=1 x- 2

b4 if x=2

Asyou can see, if adiscontinuity is removable, you remove it by redefining f so that the value of the
function at the discontinuity is equal to the limit of the function at the discontinuity.

Continuity on an interval

Although thisis atopic that can become quite detailed, we will make use of several theorems to make
our work easier.

Polynomial functions are continuous everywhere.

Rational functions are continuous everywhere in their
domains.

Functions of the form f (x) =¥/x are continuous everywhere
if nisodd and continuous on [0,¥)if niseven.
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Example 6
Determineif f(x) :% is continuous on the following intervals. (3,5), (- 1,3), [4,9) and (4,9).
X_

f is not continuous on (3,5) because f (4) does not exist.
fiscontinuous on (- 1,3) becausef exists $" x1 (-1,3).
f is not continuous on [4,9) because f (4) does not exist.

f is continuous on (4,9) because f exists $" x1 (4,9) .

The Intermediate Value Theorem

The Intermediate Vaue Theorem belongs to a class of theorems known as existence theorems. We will
encounter several very important existence theoremsthis year. The Intermediate Value Theoremis
introduced now because it is based only on the continuity of a function.

The Intermediate Value Theorem

If f is continuous on the closed interval [a,b] then
" ki (f(a), (b)) $cl (ab) f(c)=k.

Let's examine the theorem by "translating” it into amore readable form. Since k isin the interval

(f(a), f (b)), kisafunction value. Sincecisin (a,b), cisclearly an x-value. The theorem basically
tellsus that if a function moves smoothly from one function value to another, we can find any function
value in between f (a)and f(b). Thetheorem guarantees us an x-value which will generate any
function value we want between f (a) and f (b). Let'slook at an example. Consider the function

f(x) =x*- 3 0on[0,5]. Sincefiscontinuouson [0,5], the Intermediate Value Theorem holds. We also
know that f(0)=-3 and f(5)=22. Sincef moves smoothly between - 3 and 22, we can find any

function value in between - 3 and 22. The theorem guarantees us that for any function valuek in
(- 3,22) there exists an x-value (which we will call ¢) in (0,5) such that f(c) =k. Takethe function

value 1. Certainly 11 (- 3,22) and so the theorem tells us that there must exist a particular x-value

(which the theorem calls c) which will yield a function value of 1. To find ¢, we set the function equal
to 1:

x*-3=1
X’ =4
X=20r x=-2
Since - 2 isnot in (0,5), the c that theorem guaranteed us must be ¢ = 2.

68



Continuity

The Intermediate Value Theorem is used often to show that a particular function has zeros on a certain
interval.

Example 7
Show that f (x) = x®has at least one zero between x=-2 and x =5 without actually finding a zero.

fiscontinuouson [-2,5] and f(-2)=-8 and f(5)=125.
Since f(-2)<0 and f(5) >0 then f(x)=0 for somex between x=-2 and x=5.

The Intermediate Value Theorem is also used in the process of proving other theorems. Y ou will often
see theorems being proven in which one of the steps will contain the statement, "...thus, by the
Intermediate Value Theorem..."
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Limits at I nfinity

Introduction

We now turn our atention to another type of limit, limits at infinity. The basic question we will be
asking is, "How does this function behave as the inputs increase or decrease without bound?' There will
be quite a bit of talk about infinity in this section so let's begin by clearing up a common misconception.
Infinity is not anumber. It's more like a place where numbers go when they increase or decrease
without bound. So, when you were a child and argued with afriend or sibling and got to the point where
you said, "Infinity plus one!" you really weren't making much sense. The term infinity is used to
describe behavior—it's where we allow inputs to go...it's where the value of an expression or function
goes.

The technique described in this section is not the one normally presented in textbooks. We will be
relying on our own common sense, not algebraic techniques.

Relative size

Suppose you just won one million dollars in the lottery. To show how generous you are you give one
dollar to your best friend. Well, your best friend may no longer be your best friend... after all, you've

only given them one one-millionth of your winnings... % of your money. And yes, you're being pretty

stingy. A few weeks later you win one trillion dollars in the World Powerball Lottery. Y ou decide to be
a little more generous with your friend and give them one million dollars. Are you really being any
more generous? No. You seg, if you give away one million of your one trillion you've once again given

away only % of your money...although your friend may be a little happier, it's only because they

probably do not understand the relative sizes of large numbers.

Let's examine the expression x*+ 2x. The table below shows some values of x,2x and x°.

X x? 2X 2x asa percent of x?
10 100 20 20%
20 400 40 10%
50 2500 100 4%
100 10,000 200 2%
1,000 1,000,000 2,000 0.2%
100,000 10,000,000,000 200,000 0.002%
1,000,000 1,000,000,000,000 2,000,000 0.0002%

As x continues to get larger, 2x has less and less of an impact on the relative size of x* +2x. Infact, if
we let x increase without bound (X ® ¥ ) the 2x eventually has no real impact at all and can be ignored

when considering the size of x* +2x as x® ¥ . This same line of thinking holds if we consider an
expression like x®- x*. Asx increases or decreases without bound, the x* loses its ability to impact the
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sizeof x*- x*. Inother words, only the term of highest degree in an expression is of any importance to
us when taking limits at infinity. This concept will be central to finding limitsas X® =*¥ .

Let us now consider the fraction i . Weareinterested in I|®r!é1i . If welet x increase without bound, the
X x®¥ X

denominator gets larger and larger while the numerator remains 1. If the denominator of afraction gets
larger while the numerator remains unchanged, the value of the fraction gets smaller and smaller. We

say Ii®rQ£:O. Keep in mind we are not saying that i:Oat any time. All we are saying isthat as x
X X X

increases without bound, the value of 1 approaches zero.
X

.1
Iim==0
x®t¥x

Most of the problems we will encounter for now will involve rational expressions. To find the limit of a
rational expressionas x ® +¥ we begin by comparing the degree of the numerator and denominator.

Let'sfirst examine a limit in which the degree of the numerator is the same as the degree of the
3x-7

5x+3 "
X® ¥ the"-7" will not impact the value of 3x- 7. Inthe denominator we can "ignore" the "+3"

denominator...something like Ii®rQ In the numerator we can "ignore" the "-7" because as

because as x® ¥ it will not impact the value of 5x +3. This meansthe Il(@rg% is equivalent to

Igg% . Now, it won't matter how large the x gets, we till have an x in both the numerator and

5x+3 5°

denominator which can be reduced to 1. If we reduce the x's, we find lim 7 _3

What happens if the degree of the numerator is less than the degree of the denominator? Let's look at

. -4 . . . X . . .
lim Xz . "Ignoring” the -4 and the +6 leaves us with lim— . Reducing the x in the numerator with
x®¥ X%+ 6 x®¥ X
. . o1 . . . X-4
one in the denominator results in lim— which we know is zero. Therefore lim 5 =0.
X®¥ Y x®¥ X°+6

Finally, let's look at alimit in which the degree of the numerator is greater than the degree of the

3.2
denominator. Consider Iim*ﬂ(1
X®¥  x“+6x+8

ignorethe” - 5x* + x- 1". Inthe denominator, the highest degreed term isthe x* so the " +6x +8" will

. The highest degreed term in the numerator isthe x* so we will

3
be ignored. This leaves us with the limit, I|®r!é1i2 . Reducing an x*from the numerator and denominator
X®¥ x

3 2
yields limx. Clearly, as x® ¥, x® ¥ ! This meanstht limX 21y Tosayalimit"=¥"

X®¥  x2+6x+8
means that the limit does not exist. (We are just indicating how the limit fails to exist.)
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The table below summarizes the technique we use to find alimit as x® +¥ .

Relative degree of numerator Limit
(°N) and denominator (°D)
ON<OD 0
ON>0D +¥ (limit does not exist)
quotient of coefficient of highest
ON=0D degreed term in numerator and
denominator

Example 1

2
Find lim “°%.
X®-¥ x°48
Since the degree of the numerator is less than the degree of the denominator,
2
. X=-
)!(!)r:Tl X3+8

X
=0

In the case where the degree of the numerator is less than the degree of the denominator, it does not
matter whether X® ¥ or X® -¥ , thelimit isalways zero.

Example 2

3

Find lim—>*

X®¥ 5x2- 7x
The degree of the numerator and denominator are both 1 so we will carefully divide the coefficients of
the highest degreed terms.
lim- 2=~
x® ¥ ’5x2- 7x 5
Example 3

Find lim -3

X®-¥ 542 7y

The degree of the numerator and denominator are both 1 so we will again carefully divide the
coefficients of the highest degreed terms. Note that in the numerator, you will have - 1B (where B

denotes areally huge number) but in the denominator you will have /5 B because when the large

negative number is squared, it becomes positive. /5(- B)? =+/5vB2 =+/5B. The really huge number
in the numerator and denominator now reduce to one which yields

lim x+3 __i
X® - ¥ ’5x2-7x V5
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This example illustrates an important point. We must be extra careful when the degree of the numerator
and denominator are equal and the expression involves an even radical.

Example 4

2
. . B5xS-7x-1
Find lim=_"~=,
dx®¥ 90x+5

Since the degree of the numerator is greater than the degree of the denominator, the limit does not exist.
To determine if the expression increases or decreases without bound, pretend we are substituting a huge
number in for the x in the highest degreed terms. The process going on in our head (but never on our

. 5B?) 5B
er) goes something likethis; ——~=—-=
paper) g g 0B 90
B2 Tx-1_
M= s -

Example5

2
. . bx“-7x-1
Find lim = ">~
dx®-¥ 90x+5

This problem is the same as Example 4 but we are letting X® - ¥ instead of +¥ . Since the degree of
the numerator is greater than the degree of the denominator, the limit does not exist. To determine if the
expression increases or decreases without bound, we will again pretend we are substituting a huge
number in for the x in the highest degreed terms. The process going on in our head goes something like

5-B)* _ 5B* _ 5B

this: = = =
90(-B) -90B -90

2
. 5x“-7x-1
Iim>=—"_"""~"=-¥
x®-¥ 90x+5

In general, limits at infinity involve a lot of common sense. Just be careful with your negatives—
especially with limitswhere X® - ¥ .
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